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ABSTRACT: This paper shows how to compute the h-step-ahead predictive likelihood for any
subset of the observed variables in parametric discrete time series models estimated with
Bayesian methods. The subset of variables may vary across forecast horizons and the problem
thereby covers marginal and joint predictive likelihoods for a fixed subset as special cases. The
basic idea is to utilize well-known techniques for handling missing data when computing the
likelihood function, such as a missing observations consistent Kalman filter for linear Gaussian
models, but it also extends to nonlinear, nonnormal state-space models. The predictive likeli-
hood can thereafter be calculated via Monte Carlo integration using draws from the posterior
distribution. As an empirical illustration, we use euro area data and compare the forecasting
performance of the New Area-Wide Model, a small-open-economy DSGE model, to DSGE-
VARSs, and to reduced-form linear Gaussian models.

KEYWORDSs: Bayesian inference, forecasting, Kalman filter, missing data, Monte Carlo integra-
tion.
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NON-TECHNICAL SUMMARY

A dynamic stochastic general equilibrium (DSGE) model, like any other model, is an artificial
construct and is therefore always false. While this may present a challenge for classical inference,
an important aspect of Bayesian inference is precisely that it does not need to rely on the as-
sumption that a model is correctly specified. However, the mere fact that a model is misspecified
is not particularly interesting per se unless we also have the means to analyse the implications
of the specification error. That way, we may be able to separate the features of the model that
are sensitive to misspecification from those that appear to be robust. The so-called DSGE-VAR
approach, advocated in a series of articles by Del Negro and Schorfheide (2004, 2006, 2009), has
been suggested as a tool for studying misspecification of a DSGE model by approximating it
with a VAR and allowing the cross-equation restrictions of the DSGE model to be relaxed in a
flexible manner.

DSGE-VARs may be indexed by a single parameter which determines the weight on the
prior relative to the data. The DSGE model approximation resides at one end of its range, an
unrestricted VAR at the other end, and in between these two extremes a large number of models
exist. Apart from providing a measure of the degree to which the DSGE model is misspecified,
the approach also allows for posterior analysis of the DSGE model parameters, impulse-response
analysis, forecast-error-variance decompositions, and so on.

This paper adds to the forecasting literature by making two contributions. First, we present
a simple approach to Bayesian estimation of the predictive distribution of a DSGE-VAR model,
including its population mean and h-step-ahead covariance matrix. An important purpose of
statistical analysis is to not only make sequential forecasts of the future, but also to provide
suitable measures of the uncertainty surrounding them. While point forecasts are often of
first-order importance, the predictive distribution has during the last few decades been given
an increasingly important role in both the theoretical forecasting literature and in empirical
forecast comparison and evaluation exercises.

The second and main contribution of our paper concerns the calculation of the predictive
likelihood and the suggested approach can be applied to a large family of models, with Gaussian
log-linearized DSGE models, DSGE-VARs and BVARs as interesting special cases. Specifically,
we show how the marginal and joint h-step-ahead predictive likelihood can be calculated for any
subset (partition) of the variables over the forecast horizon.

The predictive likelihood for a subset of the observed variables makes it possible to compare
forecast accuracy across models that have different conditioning variables but where some of the
forecasted variables are shared. A forecaster or policy maker is typically only interested in a
limited number of the variables that a multivariate model can predict and a forecast comparison
statistic based only on the variables of interest is therefore desirable. A special case is when
we are interested in comparing the forecasts of a single variable, such as inflation, across a

set of models, whereas larger subsets are required when we are also concerned with predicting



comovements. Although point forecasts may reveal interesting aspects of the models involved,
such forecasts are not well suited for model selection, the determination of model weights in a
model averaging study, or the construction of optimal prediction pools. The predictive likelihood
is a natural tool for dealing with such matters, with the log predictive score—the sum of the log
predictive likelihood over the forecast sample—as an extension from single-period comparisons
based on the predictive Bayes factor to a multi-period setting.

In our empirical illustration with five linear Gaussian models, the suggested (consistent and
unbiased) estimator of the predictive likelihood is compared with a normal predictive likelihood,
constructed from the mean vector and the covariance matrix of the predictive distribution. The
analysis is an extension of the Christoffel, Coenen, and Warne (2011) study for euro area data
and compares the results for the New Area-Wide Model (NAWM), two DSGE-VAR models with
the NAWM as prior, a large BVAR, and a multivariate random walk model.

Over the forecast sample 1999Q1 until 2006Q4 we find that the normal density provides a
good approximation of the predictive likelihood when examining the density forecasts for the
five models. In terms of a model ranking, the log predictive score strongly favors the BVAR
model, with the two DSGE-VAR models improving somewhat on the density forecasts of the
NAWM, especially at the shorter horizons. The random walk model, on the other hand, is only
competitive with the NAWM at the one-step-ahead horizon, especially for the small selection
of variables with real GDP growth, GDP deflator inflation, and the short-term nominal interest
rate. Moreover, when examining the individual predictive likelihood values it is found that the
ranking of models is not determined by one or two outliers, but is broadly supported throughout

the forecast sample.



1. INTRODUCTION

A dynamic stochastic general equilibrium (DSGE) model, like any other model, is an artificial
construct and is therefore always false. While this may present a challenge for classical inference,
an important aspect of Bayesian inference is precisely that it does not need to rely on the as-
sumption that a model is correctly specified. However, the mere fact that a model is misspecified
is not particularly interesting per se unless we also have the means to analyse the implications
of the specification error. That way, we may be able to separate the features of the model that
are sensitive to misspecification from those that appear to be robust. The so-called DSGE-VAR
approach, advocated in a series of articles by Del Negro and Schorfheide (2004, 2006, 2009), has
been suggested as a tool for studying misspecification of a DSGE model by approximating it
with a VAR and allowing the cross-equation restrictions of the DSGE model to be relaxed in a
flexible manner.

The idea of using VARs as an alternative modelling device to a DSGE model can be traced
back to the literature on indirect inference; see, e.g., Smith (1993). An early attempt to combine
DSGE models with Bayesian VARs is Ingram and Whiteman (1994), where the VAR parameters
were expressed as a function of the DSGE model parameters. A prior for the DSGE model
parameters then implied a prior for the VAR parameters through a first-order Taylor expansion
of the mapping. This idea was considerably enriched by Del Negro and Schortheide (2004),
where the prior distribution of the VAR model parameters was determined from the DSGE
model by parameterizing the distribution through the implied first and second moments of the
DSGE model.

DSGE-VARs may be indexed by a single parameter which determines the weight on the prior
relative to the data. The DSGE model approximation resides at one end of its range, an un-
restricted VAR at the other end, and in between these two extremes a large number of models
exist. Apart from providing a measure of the degree to which the DSGE model is misspeci-
fied, the approach also allows for posterior analysis of the DSGE model parameters, impulse-
response analysis, forecast-error-variance decompositions, and so on. While these models were
first designed to improve forecasting and monetary policy analysis with VARs (Del Negro and
Schorfheide, 2004), the extension to a model evaluation toolkit was carried out by Del Negro
and Schorfheide (2006), while Del Negro, Schorfheide, Smets, and Wouters (2007) used it to
assess the goodness-of-fit of a DSGE model.

This paper adds to the forecasting literature by making two contributions. First, we present
a simple approach to Bayesian estimation of the predictive distribution of a DSGE-VAR model,
including its population mean and h-step-ahead covariance matrix. Dawid (1984) points out
that an important purpose of statistical analysis is to not only make sequential forecasts of the
future, but also to provide suitable measures of the uncertainty surrounding them. While point
forecasts are often of first-order importance, the predictive distribution has since Dawid’s article

on the prequential approach been given an increasingly important role in both the theoretical



forecasting literature and in empirical forecast comparison and evaluation exercises; see Tay and
Wallis (2000) for a survey.

The second and main contribution of our paper concerns the calculation of the predictive
likelihood and the suggested approach can be applied to a large family of models, with Gaussian
log-linearized DSGE models, DSGE-VARs and BVARs as interesting special cases. Specifically,
we show how the marginal and joint h-step-ahead predictive likelihood can be calculated for any
subset (partition) of the variables over the forecast horizon.

It has long been recognized that using the predictive likelihood is a valid Bayesian approach to
model selection (see, e.g., Box, 1980), and the predictive Bayes factor is naturally defined from a
ratio of two predictive likelihoods. The predictive likelihood for a subset of the observed variables
makes it possible to compare forecast accuracy across models that have different conditioning
variables but where some of the forecasted variables are shared. A forecaster or policy maker
is typically only interested in a limited number of the variables that a multivariate model can
predict and a forecast comparison statistic based only on the variables of interest is therefore
desirable. A special case is when we are interested in comparing the forecasts of a single variable,
such as inflation, across a set of models, whereas larger subsets are required when we are also
concerned with predicting comovements. Although point forecasts may reveal interesting aspects
of the models involved, such forecasts are not well suited for model selection, the determination
of model weights in a model averaging study, or the construction of optimal prediction pools; see,
e.g., Geweke and Amisano (2011, 2012). The predictive likelihood is a natural tool for dealing
with such matters, with the log predictive score as an extension from single-period comparisons
based on the predictive Bayes factor to a multi-period setting.

We illustrate our contributions to the literature by extending the forecast comparison exercise
in Christoffel, Coenen, and Warne (2011)—henceforth CCW-—to DSGE-VARs. CCW review
forecasting with DSGE models, using the New Area-Wide Model (NAWM; pronounced ndm)
as an example, and their pseudo out-of-sample forecasting exercise covers the period after the
introduction of the euro, focusing on partitions of the 12 observed variables in the NAWM (out
of 18) that are endogenously determined. CCW compare the forecasts of the NAWM to those
obtained from a VAR estimated with maximum likelihood, three BVARs as well as the naive
random walk and sample mean benchmarks. Concerning the BVARs, two classes are considered
by CCW: one that is intended for systems with a smaller dimension and that makes use of a prior
on the steady state, and one that has been proposed for large data sets; see Baiibura, Giannone,
and Reichlin (2010). The random walk and the best performing BVAR model are included in
our empirical illustration for comparisons with the NAWM and the DSGE-VAR models.!

L An interesting approach to Bayesian forecast evaluation in a multivariate setting is suggested by Herbst and
Schorfheide (2012). Their goal is to evaluate whether the actual pseudo out-of-sample forecast performance of a
model is consistent with the performance that is expected under the predictive distribution of future observations
implied by the model. Their evaluation scheme is therefore related to the idea of predictive checks (see, e.g.,
Geweke, 2005) and the idea of examining whether the predictive distribution of the model is, using the terminology
of Dawid (1982), “well calibrated”. This contrasts with our approach which compares the accuracy across models.



The paper is organized as follows. Section 2 briefly outlines forecasting with DSGE models.
Next, the DSGE-VAR model is discussed in Section 3, before we turn to the issue of forecasting
with DSGE-VARs in Section 4. The calculation of the marginal and joint h-step-ahead predictive
likelihood for a subset of the variables is discussed in Section 5. In Section 6 we turn to the
empirical illustration, beginning with a short introduction to the NAWM before we present the
results from estimating DSGE-VARs using the NAWM as a prior. The forecast comparison
exercises of the DSGE-VAR relative to the NAWM, a large BVAR and the random walk are

discussed in Section 7. Finally, Section 8 summarizes the main findings of the paper.

2. FORECASTING WITH DSGE MODELS

Let 8 € © be the vector of parameters of a log-linearized DSGE model that are unknown and
are to be estimated. Bayesian inference is based on combining a likelihood function with a prior
distribution in order to obtain a posterior distribution of the model parameters conditional on
the observed data. The log-linearized DSGE model with rational expectations can be written
as:

A1&—1 + Aol + A1 Ei&n = Dy, t=1,2,...,T, (1)

where 7, is a g-dimensional vector with i.i.d. standard normal structural shocks (1 ~ N(0, 1)),
while & is an r-dimensional vector of model variables, defined as deviations from the steady
state. The matrices A; (r x r), with ¢ = —1,0,1, and D (r x g) are functions of 6.

Provided that a unique and convergent solution of the system (1) exists at a particular value
of 0 (see, e.g., Anderson, 2010, Klein, 2000, or Sims, 2002), we can express the model variables
as a VAR system:

&=F&—1+ By, t=1,...,T, (2)

where F' (r xr) and B (r X ¢q) are uniquely determined by €. The observed variables are denoted

by 1+, an n-dimensional vector, which is linked to the model variables & through the equation
yt:,u—i—H’gt—l—wt, tzl,,T (3)

The measurement error, wy, is assumed to be i.i.d. Gaussian with mean zero and covariance
matrix R, while p is the population mean (steady state) of y; conditional on 6 provided that &
is stationary. The measurement errors and the shocks 7, are assumed to be independent, while
the matrices H and R are also uniquely determined by 6.

The system in (2) and (3) is a state-space model, where equation (2) gives the state or
transition equation and (3) the measurement or observation equation. Sargent (1989) was among
the first to recognize that linear(ized) rational expectations models can be cast in this form.
Provided the number of measurement errors and structural shocks is large enough, we can
calculate the likelihood function for the observed data Yr = {y1,...,yr} given a value of § with

the Kalman filter; see, e.g., Durbin and Koopman (2012) for details.



Point and density forecasts are both determined from the predictive density and, for a sequence

of future values of the observed variable yr41,...,yr1p, this density can be expressed as
p(yrs1, - yranlVr) = /0 @p(yﬂl, e yrnlYr, 0)p(01Yr)do, (4)
€

where p(yri1, ..., yren|Vr, 0) is a Gaussian, and p(6|Yr) is the posterior density of 6 based on
the data available at time 7.

From a Bayesian perspective, it may be noticed that for a given model there is no uncertainty
about the predictive density and, hence, there is no uncertainty about a point or a density
forecast which is determined from it. This can be seen in equation (4) where posterior parameter
uncertainty is integrated out and what remains is a deterministic function of the data and the
model. In practise, numerical methods typically need to be applied, but the induced simulation
uncertainty can be controlled by the econometrician.?

If we wish to estimate quantiles, confidence regions (credible sets), or the probability that the
variables reach some barrier, then we need a numerical algorithm for computing the predictive
density since the integral in (4) cannot be solved analytically. On the other hand, if the forecast
study only requires moments from the predictive distribution, then such an algorithm is not
needed since the moments can be estimated with high precision using draws from the posterior
distribution of the parameters.

A numerical algorithm for evaluating the integral in (4) for ARIMA models was suggested by
Thompson and Miller (1986). The basic idea is that M; paths for the observed variables over
the period T+ 1, ..., T+ h are simulated by drawing randomly from the distribution conditional
on the parameters for each of the Ms random draws of 6 from its posterior density, yielding a
total of M = My M, paths from which the properties of the predictive density can be examined.
This so-called sampling the future algorithm has been adapted by Adolfson, Lindé, and Villani
(2007) to state-space models.

Adolfson et al. also discuss estimation of the population mean and covariance matrix of the

predictive distribution. Specifically, the mean of the marginal predictive distribution is
E[yT-i-i‘yT] :ET[M+H,Fi£T|Tj|7 izl?"'7h7 (5)

where E7 denotes the expectation with respect to the posterior of 6 at time 7', and where &7
is the Kalman filter estimate of & based on Yp. Based on the law of iterated expectations the

forecast uncertainty for yr4; can be decomposed (Rao-Blackwellization) as follows:

Clyr+i|Vr) = BEr[C(yri| Yr;0)] + Cr[E(yryi|Yr; 0)], (6)

2 This may be contrasted with a frequentist approach to forecasting where a point or a density forecast is
conditioned on the unknown parameters of the model, i.e. it is based on the first density term on the right hand
side of (4). Once the unknown 6 is replaced with a point estimate, the resulting point or density forecast is
subject to the estimation uncertainty inherent to the selected estimator and sample period and which cannot be
influenced by the econometrician. At the same time, the “true” predictive density, based on the “true” values
of the parameters, is deterministic but remains unknown; see Geweke and Whiteman (2006) for discussions on
Bayesian forecasting.



where C'r denote the covariance with respect to the posterior of § at time T'. The first term on
the right hand side of (6) is given by
i—1 ‘
Er[C(yr+i|Yr;0)] = Er[H'F'Pr(F')'H| + Er |H' (Y F/BB'(F') | H| + Er[R], (7)
§=0
where Prr is the covariance matrix of {r — {7p. This equation provides the uncertainties due
to not observing the current state, future shocks, and future measurement errors, respectively.

Similarly, for the second term of the right hand side in (6) we have that
Cr[E(yr+i|Yr;0)] = Crlp+ H’F’ET\T], (8)

which thus reflects the influence of parameter uncertainty on overall forecast uncertainty. The
Monte Carlo estimation of these population moments only require draws from the posterior
distribution of # and can therefore be performed without using the sampling the future algorithm.
The computation of the joint and marginal predictive likelihood for a subset of the variables can

likewise also be performed using only posterior draws. This issue is discussed in Section 5.3

3. DSGE-VAR MODELS

The state-space representation in (2) and (3) can be expressed as a finite-order VARMA rep-
resentation when the state variables are stationary; see, e.g., Ravenna (2007). If the MA term
of the model is invertible the DSGE model has an infinite-order VAR representation, as in
Fernandez-Villaverde, Rubio-Ramirez, Sargent, and Watson (2007), and under very specific
conditions the VAR representation may even be finite. For models with more shocks and mea-
surement errors than observed variables (¢ + rank(R) > n), such as the NAWM, the so-called
“poor man’s invertibility condition” in Fernandez-Villaverde et al. (2007)—generally a sufficient
condition for the existence of an infinite-order VAR representation—is not satisfied; see Franchi
and Paruolo (2012) for details.* Nevertheless, a finite order VAR may still serve as a reasonable
approximation of a DSGE model.

To setup the DSGE-VAR, we follow Del Negro and Schorfheide (2004) and proceed as follows.

The VAR representation of y; can be written as:

p
=%+ > Pyjte, t=1,...T, (9)
j=1

where € ~ N, (0,3¢). The vector ®g is n x 1, while ®; is n x n for j = 1,...,p. We assume
that initial values for y; exists for t = 0,...,1 —p. Let Xy = [Ly; ; --- y;_,]" be an (np + 1)-

dimensional vector, while the n x (np + 1) matrix ® = [®¢ ®; --- ®,]. This means that the

3 For additional discussions on forecasting with DSGE models, see Del Negro and Schorfheide (2012).

4 It may be noted that when the state transition matrix F is stable and the system is “square” (n = ¢+ rank[R]),
then the poor man’s invertibility condition is also necessary. For instance, the Smets and Wouters (2007) model
has the same number of observed variables and shocks, zero measurement errors, and a stable F' matrix, yet
the matrix (I — B(H'B) 'H')F has a unit eigenvalue and the model therefore fails the now both necessary and
sufficient invertibility condition; see, Franchi and Paruolo (2012, Corollary 5.3).



VAR can be expressed as
Yt = (I)Xt + €. (10)

Del Negro and Schorfheide (2004) suggest that a VAR approximation of the DSGE model can
be obtained by replacing the VAR parameters by the implied “estimates” using the population
moments conditional on #. This means that the n x 1 population mean vector for y; is u, while

the central population autocovariance matrices for (y;, y;—;) are given by:

H'ScH+R, if j=0,
= (11)

H'FiS¢H, forj=1,2,...,

e

with Zé_j ) = Zéj V. The state-variable covariance matrix Y¢ is obtained via the state equation

by solving the Lyapunov equation
Ye = FXF' + BB’

For small DSGE models this last step may be performed analytically via vectorization while
a numerical approach, such as the doubling algorithm, is usually recommended for large or
medium-sized models like the NAWM.

Let I'x x(#) denote the non-central population covariance matrix E[X;X};60] and I'yx () the
non-central population covariance matrix E[y; X/; 6] which can be directly determined from (11)
and the mean vector pu. The population-based regression of y; on X; determines the mapping
from the DSGE model parameters to the VAR parameters. Specifically, suppose that I'x x ()

is invertible, then

o(0) =T, x (O)T 5 (0), (12)
Se(0) =Ty, (0) = Tyx (O)T 5 ()T x (0), (13)

where 'y, (0) = Elyry;; 0] = ZZ(,,O) + pp'. The matrices ®(0) and X.(0) are restriction functions
that will be used to center the prior distribution of (®, 3,) conditional on 6 and a hyperparameter
A > 0 that measures the deviation of the DSGE-VAR from the VAR approximation of the DSGE
model.
The joint prior distribution of the VAR and DSGE model parameters has the following hier-
archical structure:
p(®,5,,61%) = p(®, 2,16, 1)p(0). (1)

The conditional prior distribution of the VAR parameters on the right hand side of (14) is
centered at the VAR approximation of the DSGE model (®(0), X.(6)), but allows for deviations
from the restrictions to account for possible misspecification. The precision of the prior is
determined by the hyperparameter )\, which generates a continuum of models that have an
unrestricted VAR at one extreme (A close to zero) and the DSGE model approximation at

the other (A = o0). In practise, a grid is used for A such that a finite number of values



A = {A1,..., Ay, 00} are considered and each DSGE-VAR model is indexed by its A-value,
denoted by DSGE-VAR(M).
Letting vec denote the column stacking operator, the prior of the VAR parameters takes the

form

S0, A ~ IW, (ATE(0), AT — (np + 1)), (15)
vee(P)[Se, 0, A ~ Nyypr1) (vee(@(0)), (AT) [T (0) ® =c]). (16)

The normal-inverted Wishart prior assumed here is proper when AT' > n(p+ 1) + 1. Hence, the
domain of A is restricted to the interval [(n(p + 1) 4+ 1)/T, c0) for the DSGE-VAR.

One interpretation of this prior is related to using dummy observations in VARs, as in Lubik
and Schorfheide (2006). That is, the prior can be seen as augmenting the VAR model with
AT observations of the endogenous variables; see An and Schorfheide (2007), Del Negro et al.
(2007), and Lees, Matheson, and Smith (2011) for further discussions on the interpretation of
the prior. For the case when A = oo, the VAR parameters are fully determined by the DSGE
model and for any given value of # the population mean and first p population autocovariances
of the DSGE-VAR matches exactly those of the DSGE model. In this sense, the DSGE-VAR
model with A = co may be viewed as a reasonable approximation of the DSGE model.

The posterior density of the VAR parameters conditional on (#, A) is proportional to the prod-
uct of the prior density and the likelihood function for the VAR, denoted by p(Vr| X1, ®, X, 0, ).
Conditional on (6, \), the DSGE-VAR prior and likelihood are conjugate and, hence, it follows
that the posterior distribution of ® and X, is also of the normal-inverted Wishart form; see
Del Negro and Schorfheide (2004) for details. Notice that the conditional posterior distribution
of (@, %) depends on the initial values X via the likelihood function. When we wish to compare
marginal likelihoods for DSGE-VAR models to the DSGE model, the information sets need to
be the same. This may be handled in the DSGE model by using the sample t =1 —p,...,0 as
a training sample for the Kalman filter.

The joint posterior density of the DSGE and VAR model parameters can be factorized as:
p((p, 257 elyTa le )‘) = p(q)v Ze’yTa le 01 )‘)p(glyTa le )‘) (17>

The first term on the right-hand side is given by the product of the conditional posterior densities
for ®|%, and .. The second term is the marginal posterior density of 6 for a given A and draws
from this density can be obtained as outlined below.
The marginalized likelihood can be determined from the following factorization:
p(Vr| X1, ®,5c,0,\)p(P, 3]0, \)
p(®, S| Vr, X1,6, ) '

The first term in the numerator is the likelihood function of the VAR in (9), while the second

p(Vr|X1,0,)) = (18)

term is the prior density of the VAR parameters conditional on 6 and A; cf. equations (15) and

(16). The denominator is the conditional posterior density of the VAR parameters. An analytical



expression for the marginalized likelihood in (18) is provided in Del Negro and Schorfheide (2004,
eq. A.2) and this expression is further streamlined and robustified in Warne (2012, Section 15).
The marginalized likelihood is combined with the prior of the DSGE model parameters to
form a posterior kernel that can be utilized by posterior simulators, such as the random walk
Metropolis sampler; see, e.g., An and Schorfheide (2007). Once a posterior sample of 8 has been
simulated from the DSGE-VAR()\) model, the marginal likelihood can be evaluated. Letting
this function be denoted by p(Yr|Xi, ), Del Negro and Schorfheide (2004) suggests to select A
such that:
A = argmaxp(Vr| X1, A). (19)
When using DSGE-VAR models for forecasting purposes, an alternative approach to selecting
the A model would be to average the results over the range of \. Instead of such model averaging
we shall follow the suggestion of Del Negro and Schorfheide (2004) and select a DSGE-VAR
model based on the posterior mode estimate of A\. They also suggest that the same criterion can
be used to select the lag order. This may often be a good recommendation to follow, but it is
also important to check that the DSGE-VAR(oc0) model is a good approximation of the DSGE
model; see Adolfson, Laséen, Lindé, and Villani (2008) for discussions. We will return to these

issues in our empirical illustration.

4. FORECASTING WITH DSGE-VARSs

It is straightforward to apply the sampling the future procedure of Thompson and Miller (1986)
to a DSGE-VAR model, but one caveat needs to be taken into account. Namely, the integration
needs to cover the full parameter space of the DSGE-VAR. This means that the sampling the
future algorithm for the DSGE-VAR may be formulated as:

(1) Draw (@, %, 0) from p(0|Yr, X1,N), p(Ze| V1, X1,0, ), and p(®|YVr, X1, ¢, 0, N);

(2) Draw ery; from N(0,%,) fori=1,...,h;

(3) Simulate a path for yry1,...,yren by feeding the residuals into the VAR system in
equation (9);

(4) Repeat steps 2-3 M times for the same (P, 3, 0);

(5) Repeat steps 1-4 My times.

The above algorithm generates a total of M = M;Ms paths from the predictive distribution of
the DSGE-VAR model with p lags and hyperparameter A. For fixed M, we may expect that the
quality of the numerical integration approximation is optimized for M; = 1 since the dependence
between paths is likely to be the smallest for this case; see Villani (2001) for a similar algorithm.
However, since the inner (Mj) loop is typically faster than the outer (Ms) loop, the quality of

the approximation for a fixed computation time can be improved by selecting a value for M



which is larger than unity.” These arguments are also valid for the DSGE model algorithms
discussed in Section 2.

The population mean and covariance matrices from the predictive distribution of yri;, ¢ =

1,...,h, can be estimated without the need for the above simulation algorithm. Let ¥ denote
an np X np matrix with ) )

o - 0, D

1 0 0

=" :

0 I, 0
while J, is an np X n matrix with I;, on top and zeros below such that y; = JI’,Yt, where
Yi=1[y; ~* Yi_p1l’- We now rewrite the VAR system for forecasting exercises as:

yri = Jptpg + VY + Sy, i=1,...h, (20)

where

Tryi = Jp®o + VTryia,

ET—i—i = Jp6T+i + \Ing-‘ri—l? 1= 17 e 7h7

and these np-dimensional vectors are initialized through 7 = € = 0. Notice that this re-
formulation of the VAR may be used directly in step 3 of the sampling the future algorithm.

Furthermore, the population mean of the predictive density of yr; is given by
E(yr+i| Yr, X1, X) = By [J)Zr; + J;/)\IliYT] , =100 (21)

where Ep denotes the expectation with respect to the posterior of (®, %, #0) at time 7.
The prediction uncertainty of the DSGE-VAR(A) can through Rao-Blackwellization be de-

composed into two terms: residual or shock uncertainty and parameter uncertainty. That is,
C(yT—l—i‘yTa le )\) =Er [C(yT—‘ri‘yTv Xla q)a Eev 91 )\)] + C'T [J;)jT-H' + J;)\IﬂYT] ’ (22>

where Cr denotes the covariance with respect to the posterior of (®, 3, 6) at time 7. Residual
uncertainty is determined by the first term on the right-hand side, while the second term rep-
resents parameter uncertainty.® To develop a simple expression for the first term on the right

hand side of (22), let E_Jgf) be defined from the difference equation

SV = Ly eSS =1,k (23)

5 That is, the inner loop is expected to be faster than the outer unless we already have direct access to a sufficiently
large number of draws from p(0|Yr, X1, \); draws from the conditional posteriors of the VAR parameters are not
time consuming.

5 The second term on the right-hand side of (22) is simply due to the predictive mean conditional on the
parameters being different from the predictive mean.



with the np X np matrix f}§9) = 0. It now follows that the residual uncertainty term is:

Br[C(yrsilVr, X1, 9,5, 0,0)] = Br [0, i=1,...h (24)

To estimate these population moments in practise we average over a sample of S draws from
the posterior distribution of (®,%,,#). The numerical standard error of these sample moments
is negligible, provided that S is sufficiently large and the posterior sampler has converged. Since
direct sampling of the VAR parameters conditional on the DSGE model parameters is possible,

convergence of the posterior sampler needs to be checked for the # parameters only.

5. PREDICTIVE LIKELIHOOD AND LOG PREDICTIVE SCORE

In the previous sections we have discussed algorithms for computing the predictive distributions
of the observed variables in DSGE and DSGE-VAR models as well as the means and covariances
of their marginal predictive distributions. A measure of the height of the joint or the marginal
predictive density is typically needed when comparing or evaluating density forecasts; see, e.g.,
Geweke and Amisano (2010). For instance, when comparing density forecasts of a set of models
the height of the predictive density at the realized value of the observed variables—the predictive
likelihood—is of particular interest.

The use of the predictive likelihood as a valid Bayesian approach to model selection has
long been recognized. Box (1980), for example, has emphasized the complementary roles in the
model building process of the posterior and predictive distributions, where the former is used for
diagnostic checking of the model, while the latter provides a general basis for robustness checks.
Moreover, for models with improper priors the predictive likelihood can still be used for model
selection provided that the sample being conditioned on is large enough to train the prior to a
proper one; see, e.g., Gelfand and Dey (1994), Eklund and Karlsson (2007), and Strachan and
van Dijk (2011).

A forecast comparison exercise is naturally cast as a decision problem within a Bayesian
setting and therefore needs to be based on a particular preference ordering. Scoring rules can
be used to compare the quality of probabilistic forecasts by giving a numerical value using the
predictive distribution and an event or value that materializes. A scoring rule is said to be proper
if a forecaster who maximizes the expected score provides its true subjective distribution; see
Winkler and Murphy (1968). If the maximum is unique then the rule is said to be strictly
proper.

A widely used scoring rule that was suggested by, e.g., Good (1952) is the log predictive score.

Based on the joint predictive density function of y¢+1,...,yr+n, it can be expressed as
T+N,—1
SJ(hvm) = Z 10gp(9t+17---7yt+h’yt7m)7 h:17"'7H7 (25)
t=T

where the J subscript refers to the joint predictive distribution, /Ny, is the number of time periods

the h-step-ahead predictive density is evaluated, ), is the observed data of y; until period ¢, and



m is an index for the model. If the scoring rule depends on the predictive density only through
the realization of y over the prediction sample, then the scoring rule is said to be local. Under
the assumption that only local scoring rules are considered, Bernardo (1979) showed that every
proper scoring rule is equivalent to a positive constant times the log predictive score plus a real
valued function that only depends on the realized data; see Gneiting and Raftery (2007) for a
recent survey on scoring rules.

When evaluating the log score with the realized value of y over the prediction sample, the
difference between the log score of model m and model k is equal to N}, times the average log
predictive Bayes factor of these two models. Hence, a positive value indicates that, on average,
model m is better at predicting the variables over the forecast horizon than model k. It is
furthermore straightforward to show that the log predictive likelihood of model m is equal to
the difference between the log marginal likelihood value when the historical data, ), and the
realizations yiy1,...,Yr+n are used and the log marginal likelihood value obtained when only
the historical data are employed; see, e.g., Geweke (2005). For the realization Yryy, and with
Np = Np—1 — 1 for h > 1, we can rewrite the log predictive score in (25) as

h—1
Sy(h,m) = Z[logp(yTJer_i,m) — logp(yTﬂ-,m)}, h=1,..., H. (26)
i=0

This means that the log score of model m for one-step-ahead forecasts is equal to the difference
between the log marginal likelihood for the full sample Yy N, and the first historical sample Vr.
Moreover, the calculation of the score for h-step-ahead forecasts based on the joint predictive
likelihood requires exactly 2h marginal likelihood values, where the first h values are based on
the samples Y7y n,—; and the last h values on Yry; for ¢ =0,...,h — 1.

A scale for determining how much better (or worse) model m is than model k£ has been
suggested by, e.g., Kass and Raftery (1995) for Bayes factors. In the case of one-step-ahead
predictions, this scale may also be applied to the log predictive score where values above 5 may
be seen as very strong evidence in favor of model m. Provided that one of these models is
assumed to be “true”, the translation into posterior probabilities is straightforward, where the
case of equal prior probabilities for models m and k£ and a value of the log score of 5 or more
corresponds to a posterior probability of above 99 percent for model m.

It can also be seen that the log predictive likelihood in (25) can be rewritten as a sum
of one-step-ahead log predictive likelihoods. Hence, in essence the log score S;(h,m) covers
one-step-ahead forecasts only and is therefore not well suited for a comparison of h-step-ahead
forecasts when h > 1. When comparing the density forecasts of the NAWM and alternative
forecast models, CCW therefore focus on the predictive likelihood of the marginal h-step-ahead
forecasts rather than the joint forecasts in (25). The log predictive score can now be expressed

as
T+Np—1

Su(h,m) =Y logp(yeenlVem), h=1,... H, (27)
t=T



where the M subscript refers to the marginal predictive distribution.

The relationship between the marginal likelihood and the log predictive score in (27) holds
when h = 1. For other forecast horizons it is claimed by both CCW (p. 114) and Adolfson et al.
(2007, p. 324) that this connection breaks down and, hence, that the marginal likelihood cannot
detect if some models perform well on certain forecast horizons while other models do better on
other horizons. Furthermore, Adolfson et al. (2007, p. 325) remark that computing Sys(h, m)
for h > 1 is not an easy task since p(yt+h]yt,m) does not have a closed form solution and
that kernel density estimation from the predictive draws is not practical unless the dimension of
Yern is small. For linear Gaussian models they therefore suggest using a normal approximation
of the predictive likelihood based on the mean and the covariance of the marginal predictive
distribution.

However, going back one step one realizes that CCW and Adolfson et al. are incorrect since

~ pWerns Vi, m)
P(yt+h|yt7m) - p(yt,m) )

The denominator is the marginal likelihood of model m when using the data ); and the numer-

h=1,... H. (28)

ator is likewise the marginal likelihood for this model when using the data (y;yp,):). Hence,
the connection between the predictive likelihood and the marginal likelihood remains also for
h > 1. The problem for calculating the log predictive score in (27) for h > 1 therefore concerns
the question: it is possible to compute the marginal likelihood for the sample (y¢ip, Vi)?

Suppose we replace the realizations of y;y4, ¢ = 1,...,h — 1, in V4, with missing observa-
tions and apply a valid method for dealing with incomplete-data when evaluating the likelihood
function for fixed parameters of model m. This effectively means that we treat missing obser-
vations as a method for integrating out variables at certain points in time from the likelihood,
and that the marginal likelihood of the model for (yyp,):) can thereafter be computed via
standard tools.” Such an approach can also be used to estimate the marginal likelihood for the
data (y;,p,, V), where Yiip 18 a subset of the elements of y;ip, as well as for, e.g., the data
(7T T s Vy). In fact, we may replace data points with missing observations anywhere in
the predictive sample y;11, ...y, when calculating the likelihood function.

In the case of linear state-space models with Gaussian shocks and measurement errors, the
likelihood function can be calculated using a Kalman filter which allows for missing observations;
see, e.g., Durbin and Koopman (2012, Chapter 4.10). Once we turn to non-linear, non-normal
state-space models a missing observations consistent filter, such as the particle filter (sequential
Monte Carlo), may instead be applied when computing the likelihood; see Giordani, Pitt, and
Kohn (2011) for a survey on filtering in state-space models, or Durbin and Koopman (2012,
Chapter 12) for an introduction to particle filtering.

7 This idea is related to but also different from data augmentation and other such EM algorithm extensions. For
these algorithms, the model is used to replace missing observations with model-based draws of the latent variables
and then use complete-data methods to address the incomplete-data problem; see, e.g., Tanner and Wong (1987)
and Rubin (1991).



When the joint predictive density for fixed parameters is Gaussian, marginalization can also
be conducted directly via the predictive mean and the covariance matrix for given parameters
by utilizing well-known properties of the normal distribution. In the case of linear Gaussian
models this approach to marginalization is equivalent to the Kalman filter approach, where the
latter approach provides a unifying framework and is as parsimonious as possible when dealing
with potentially large matrices.

The predictive likelihood for a subset of the variables may now be estimated with, e.g., the
harmonic mean estimator; see Gelfand and Dey (1994), the truncated normal version in Geweke
(1999, 2005), or the extension to a truncated elliptical in Sims, Waggoner, and Zha (2008).8
Such estimators ideally require two sets of posterior draws: 9}(18) € p(Olyfip Vi), s = 1,...,Sh,
and 00 ¢ p(0|Yy), for s =1,..., 5, where the model index m has been suppressed, and where 6

denotes all parameters of the model. The marginal predictive likelihood can now be estimated

as
L Sh (s) -1
Yk 1 f(eh ) ]
pH(yt hD}t) =\ s s
* S Zl L(y; | V1, 05)p (07 |2)

(29)

[ 1 Sk (s) B 5
_ |4 1(6:") f (0" ))
- S_hz . s) s ]

1 S
s=1 L(y;,_h‘yt,e}(bs))l/(yt,g}(l )p(Q}(l )) gz:l yt7 (s) (S))

where L(y/, |, 0) denotes the conditional likelihood and L(),6) the likelihood. We have also
used the fact that p(8|):) = L(), 0)p(6)/p(Y%), and that the inverse of the marginal likelihood

for the ), data is estimated with the second term on the right hand side in the second row of
(29). The function f(#) is a proper density and therefore integrates to unity.

To avoid having to generate posterior draws for each sample (y; s Vi), it is tempting to replace
the draws 9,(15) in (29) with the draws () If the dimension of Yi,p, 1s small, this approximation is
likely to work well in practise, but unlike the estimator in (29) the resulting predictive likelihood
estimator is not consistent.

If we insist on using only one set of parameter draws for all forecast horizons when computing
the predictive likelihood, we may instead use an importance sampling (IS) estimator; see, e.g.,
Geweke (2005). With #®) being draws from the importance density g(#), a general expression

of the IS estimator is

L g~ Eiaal Y00 (00]) 30)
N= g(6@) '

Letting g(8) = p(6|Y;) such that 8@ = #(*) with N = S, the estimator of the predictive likelihood

in (30) is simply the average over the S posterior draws (%) of the conditional likelihood, i.e.

Prs (y;&k-t,-h’yt) =

standard Monte Carlo integration based on the conditional likelihood.

8 Other methods, such as bridge sampling or cross-entropy with importance sampling may also be considered;
see Meng and Wong (1996), Frithwirth-Schnatter (2004), and Chan and Eisenstat (2012).



Under certain conditions (Tierney, 1994), the right hand side of (30) converges almost surely
to the expected value of p(y;, |V, 0) with respect to p(6])}), i.e. to the predictive likelihood
p(y; +h|yt).9 Hence, equipped with the posterior draws 8(®) and the conditional likelihood,
L(y; |1 t, 0), the predictive likelihood can be consistently estimated directly, without having to
compute it from two marginal likelihoods, and without having to sample from the distribution
of the parameters conditional on (y;,,,Y;) for each h =1,... H.

A further important property of the IS estimator is that it is unbiased (see Chan and Eisen-
stat, 2012, Proposition 1), while the harmonic mean estimator is not. Furthermore, the latter
estimator is sensitive to the choice of f(6) and can be difficult to pin down numerically when
the dimension of 6 is large, while the IS estimator based on the posterior p(6|)s) should be
less hampered by this. In the case of DSGE models, which are typically tightly parameterized,
numerical issues with the harmonic mean should not be a major concern, but for DSGE-VARs
and BVAR models the computations need to take all the VAR parameters into account and
are therefore likely to be important. For example, in our empirical illustration the DSGE-VAR
models have 18 endogenous variables, a constant, varying lag orders plus 45 DSGE model pa-
rameters, resulting in (324p + 234) parameters. Furthermore a large BVAR model having the
same 18 variables, a constant, and four lags yields a total of 1485 parameters.

The IS estimator is expected to work well in practise when the draws from the importance
density cover well enough the parameter region where the conditional likelihood is large. This
is typically the case when computing the marginal predictive likelihood with ¢g(8) = p(6|)}) for
shorter forecast horizons or a low dimensional y;, , vector, but it is questionable when dealing
with the joint predictive likelihood as h becomes large.!? For such situations it may be useful to
consider cross-entropy methods for selecting the importance density optimally, as in Chan and
Eisenstat (2012).

For linear Gaussian models the log of the conditional likelihood for y;,, is given by

* 1
logL(nyrh‘yt,@) = —%log(%r) ~3 log ‘Zy*7t+h|t‘

1 , (31)
-1

) (y;fk—l-h - y:—&-h\t) Ey*,t+h|t (yftk+h - y:—&—h\t) )

where n* is the dimension of y;,,, yf = K'y; and Xy 1y = K'5y ¢ K, with K being an

n X n* known selection matrix. We here assume that the K matrix is constant across time, but

we can also add a time subscript to it and to n*. For DSGE models the Kalman filter provides

9 Importance sampling is based on i.i.d. draws from the importance density; see, for instance, Geweke (2005,
Chapter 4.2.2) for further details. In the case of DSGE and DSGE-VAR models, the posterior draws are typically
obtained via Markov chain Monte Carlo, such as the random walk Metropolis sampler, and are therefore not
independent. However, under certain conditions (Tierney, 1994) the estimator in (30) is consistent also when the
draws from g(6) = p(0|)%) are not independent and the same conditions can be used to verify that the harmonic
mean estimator in (29) is consistent. In strict terms, the estimator in (30) is not an IS estimator when the
iid assumption is violated, but we shall nevertheless use this term also when the draws from the posterior are
dependent.

10 For sufficiently large h the situation resembles the case when the marginal likelihood is computed by averaging
the likelihood over the prior draws. Such an estimator typically gives a poor estimate of the marginal likelihood.



us with

Yerht = 1+ H/Fhfﬂtv
Yy trhit = H/Pt+h|tH + R,

Pyyne = FPt+h_1\tF/ +BB', h=1,...,H,

where &y is the filter estimate of the state variables, and Fy; the corresponding filter estimate
of the state variable covariance matrix based on the data );. The matrices (u, H, R, F, B) are
all evaluated for a given value of 6.1

Turning to the DSGE-VARs, we can directly make use of equations (20) and (23) to determine

yt+h|t and Eyﬂf.t,_h‘t. That iS7

Yernt = JpTeen + J UMY,

Syarnp = IEWI h=1,... H.

p7

Adolfson et al. (2007) and CCW approximate the marginal predictive likelihood with a normal
density whose mean and covariance for a DSGE model are given by the population expressions
discussed in Section 2. In our empirical illustration we shall compare this approximation to
the IS estimator, which we treat as the benchmark estimate of the predictive likelihood. This
allows us to examine if these estimators differ substantially in practise and, furthermore, makes

it possible to directly compare our results with those in CCW.

6. ESTIMATING DSGE-VAR MODELS USING THE NAWM AS A PRIOR
6.1. THE NEw AREA-WIDE MODEL OF THE EURO AREA

The NAWM is a micro-founded open-economy model of the euro area designed for use in the
ECB/Eurosystem staff projections and for policy analysis.!? The development of the model
has been guided by a principal consideration, namely to provide a comprehensive set of core
projection variables, including a number of foreign variables, which, in the form of exogenous
assumptions, play an important role in the projections. As a consequence, the scale of the
NAWM-—compared with a typical DSGE model—is rather large, and it is estimated on 18
macroeconomic time series.

The NAWM features four classes of economic agents: households, firms, a fiscal authority
and a monetary authority. Households make optimal choices regarding their purchases of con-
sumption and investment goods, they supply differentiated labor services in monopolistically
competitive markets, they set wages as a mark-up over the marginal rate of substitution be-

tween consumption and leisure, and they trade in domestic and foreign bonds.

1 The Kalman filter for missing observations can also be used when we are interested in the joint predictive
likelihood for subsets of variables across a sequence of future dates, but we do not provide the details here.

12 See Christoffel, Coenen, and Warne (2008) for a detailed description of the NAWM’s structure, while a shorter
presentation of some of its key equations is provided in CCW.



As regards firms, the NAWM distinguishes between domestic producers of tradeable differen-
tiated intermediate goods and domestic producers of three types of non-tradeable final goods:
a private consumption good, a private investment good, and a public consumption good. The
intermediate-good firms use labor and capital as inputs to produce their differentiated goods,
which are sold in monopolistically competitive markets domestically and abroad. Accordingly,
they set different prices for domestic and foreign markets as a mark-up over their marginal costs.
The final-good firms combine domestic and foreign intermediate goods in different proportions,
acting as price takers in fully competitive markets. The foreign intermediate goods are imported
from producers abroad, who set their prices in euro, allowing for an incomplete exchange-rate
pass-through. A foreign retail firm in turn combines the exported domestic intermediate goods,
where aggregate export demand depends on total foreign demand.

Both households and firms face nominal and real frictions, which have been identified as im-
portant in generating empirically plausible dynamics. Real frictions are introduced via external
habit formation in consumption and through generalized adjustment costs in investment, im-
ports and exports. Nominal frictions arise from staggered price and wage-setting a la Calvo
(1983), along with (partial) dynamic indexation of price and wage contracts. In addition, there
exist financial frictions in the form of domestic and external risk premia.

The fiscal authority purchases the public consumption good, issues domestic bonds, and levies
different types of distortionary taxes. Nevertheless, Ricardian equivalence holds because of the
simplifying assumption that the fiscal authority’s budget is balanced each period by means of
lump-sum taxes. The monetary authority sets the short-term nominal interest rate according to
a Taylor-type interest-rate rule, with the objective of stabilizing inflation in line with the ECB’s
definition of price stability.

The NAWM is closed by a rest-of-the-world block, which is represented by a structural VAR
(SVAR) model determining the five foreign variables: foreign demand, foreign prices, the foreign
interest rate, foreign competitors’ export prices, and the price of oil. The SVAR model does
not feature spill-overs from the euro area, in line with the treatment of the foreign variables as

exogenous assumptions in the projections.

6.2. ESTIMATION RESULTS

In order to estimate the NAWM, Christoffel, Coenen, and Warne (2008) use time series for 18
macroeconomic variables that have a high degree of importance in the ECB/Eurosystem staff
projection exercises. All time series are taken from Update 7 of the AWM database (Fagan,
Henry, and Mestre, 2005) except for the time series of extra-euro area trade data (see Dieppe
and Warmedinger, 2007, for details on their construction). The estimation sample is given
by the period 1985Q1 until 2006Q4, with 1980Q2-1984Q4 serving as training sample. The
parameters of the SVAR for the five foreign variables are estimated separately and are kept fixed
throughout the estimation of the NAWM. Furthermore, government consumption is specified as

an autoregressive process with fixed estimated parameters.
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The time series are displayed in Figure 1, where real GDP, private consumption, total in-
vestment, exports, imports, the GDP deflator, the consumption deflator, the import deflator,
nominal wages, foreign demand, and foreign prices are all expressed as 100 times the first differ-
ence of their logarithm. All other variables are expressed in logarithms except for the short-term
nominal domestic and foreign interest rates. A number of further transformations are made to
ensure that variable measurement is consistent with the properties of the NAWM’s balanced-
growth path and in line with the underlying assumption that all relative prices are stationary.®

First, the sample growth rates of extra-euro area exports and imports as well as foreign
demand are matched with the sample growth rate of real GDP. Second, for the logarithm of
government consumption we remove a linear trend consistent with the NAWM’s steady-state
growth rate of 2.0 percent per annum. This trend is assumed to have two components: labor
productivity growth of 1.2 percent and labor force growth of 0.8 percent. Third, we take the
logarithm of employment and remove a linear trend consistent with a steady-state labor force
growth rate of 0.8 percent. Fourth, we construct a measure of the real effective exchange rate
from the nominal effective exchange rate, the domestic GDP deflator and foreign prices (defined
as a weighted average of foreign GDP deflators) and then remove the sample mean. Finally,
competitors’ export prices and oil prices (both expressed in the currency basket underlying
the construction of the nominal effective exchange rate) are deflated with foreign prices before
unrestricted linear trends are removed from the variables.

Christoffel et al. (2008) adopt the empirical approach outlined in Smets and Wouters (2003)
and An and Schorfheide (2007) and estimate the NAWM with Bayesian methods. The DSGE-
VAR models have been estimated over the same sample as the NAWM with the random walk
Metropolis algorithm subject to a Gaussian proposal density. We use the parameter transfor-
mations ¢ = ¢(#) discussed in, for instance, Warne (2012, Section 6) such that the domain of ¢
is the real line. It is well known that this affects the prior distribution through the Jacobian of
the transformation, but not the likelihood function. As in Christoffel et al. (2008), we employ
the inverse Hessian from posterior mode estimation of the NAWM as the covariance matrix for
the proposal density, but fine-tune it via a positive constant for each pair (), p) such that the
acceptance rate is about 25-30 percent. Each posterior draw of ¢ is thereafter transformed to
6 via § = g~'(¢). From a total of 550,000 posterior draws for each DSGE-VAR model, where
the first 50,000 are used as burn-in sample, the marginal likelihood, p(YVr|Y1, A, p), is calculated
with the harmonic mean estimator based on the truncated normal density; see Geweke (1999,
2005). All calculations in this paper have been performed with the help of YADA, a Matlab
program for Bayesian estimation and evaluation of DSGE and DSGE-VAR models; see Warne
(2012) for details.

13 When deriving the log-linearized equations (1), the NAWM is first cast into stationary form. To this end, all
real variables of the NAWM are measured in per-capita terms and scaled by trend labor productivity. The latter
variable is assumed to follow a random walk with stochastic drift and defines the model’s balanced growth path.
Similarly, all nominal variables are normalized with the price of the consumption good. The log-linearization of
the model is then performed around its deterministic steady state; see Christoffel et al. (2008) for details.
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In our empirical analysis we consider two approaches for selecting a DSGE-VAR model. The
first chooses the model with the largest marginal likelihood over all pairs (A, p), while the second
picks p such that the marginal likelihood of the DSGE-VAR(c0) model is close to the marginal
likelihood of the DSGE model and then selects A optimally conditional on p. The estimated mar-
ginal likelihood values for a range of DSGE-VAR models, along with the NAWM, are displayed
in Figure 2. The lag orders that we consider below range from one to four.

It is noteworthy that for all lag orders p > 2, the log marginal likelihood at A = oo is
considerably higher than the log marginal likelihood for the NAWM, with increases of 50 units
or greater. Compared with Del Negro et al. (2007), who use a model with seven observed
variables, the increase in marginal likelihood for the VAR approximation is very large. It should
be kept in mind, however, that Del Negro et al. (2007) add an error correction term to their
VAR model with the cointegration relations implied by their DSGE model. Consistent with the
results shown in Adolfson et al. (2008, Table 2), the error correction form of the DSGE-VAR is
likely to have a lower marginal likelihood than the pure DSGE-VAR when the data is not well
represented by the cointegration relations.!* Since the purpose of the current paper is to study
the forecasting performance of DSGE-VARs we do not see any need for adding cointegration
relations to the model at this stage.

For the DSGE-VAR model with one lag only, the log marginal likelihood is lower at A = c©
than for the NAWM, with a drop of about 11 units. Moreover, the marginal likelihood for the
optimal one-lag model (5\ = 1.25) is lower than, but close to, the marginal likelihoods for the
DSGE-VAR(00) models with a higher lag order.

From Figure 2 it can be seen that the posterior mode estimates of A are positively related to
the selected lag order. Specifically, when we condition on two lags, the optimal value is A= 2.5,
while for three lags we obtain A= 4, and when p = 4 we get A = 6. One explanation for the
estimated relation between the optimal A and the lag order is that the lower bound for the range
of eligible values, A\p, = (n(p+1)+1)/T, is increasing in the lag order. Another explanation may
be that when the lag order increases, the VAR model needs more dummy observations to better
account for the loss of degrees of freedom from the observed sample. In the next section, we shall
examine the usefulness of DSGE-VAR models with two lags (first model selection approach) and

four lags (second model selection approach) in a forecast comparison exercise.!®

7. COMPARING FORECAST ACCURACY

The forecast performance of the DSGE-VAR models along with the NAWM, a large BVAR
model, and the random walk model is assessed below using a similar procedure as in CCW.

The random walk model concerns the transformations y; for the DSGE model, i.e. a random

4 In the case of the NAWM, the cointegration relations would be directly related to the balanced-growth property
via the common unit-root technology trend.

5 Although the model (A = co,p = 1) obtains a marginal likelihood which is closer to the marginal likelihood of
the NAWM than any of the other (A = 0o, p) models, we have nevertheless selected p = 4 for this case.
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walk for a mixture of first difference and levels variables, and is based on a standard diffuse
prior on the covariance matrix of the innovations to the observed variables of the NAWM, while
the BVAR model is estimated using the methodology in Banbura et al. (2010) for the same
variables. Appendix A provides details on the posterior properties of the random walk model,
while Appendix B gives more information about the BVAR.'6 The parameters of the DSGE and
DSGE-VAR models are estimated up to period T" when the predictive distribution of periods
T+1,...,7 4+ h is to be computed and when 7' is the fourth quarter of the year. When T
corresponds to a quarter ¢ = 1,2,3, the models are estimated using data until T — ¢, i.e. the
DSGE and DSGE-VAR models are reestimated annually. The parameters of the random walk
and BVAR models are reestimated every period.

The first pseudo out-of-sample forecasts are computed for 1999Q1—the first quarter after
the introduction of the euro—while the final period is 2006Q4. The maximum forecast hori-
zon is eight quarters, yielding 32 quarters with one-step-ahead forecasts and 25 quarters with
eight-step-ahead forecasts. We shall only consider forecasts of quarterly growth rates for the
variables in first differences, while CCW also study forecasts of annual growth rates for such
variables. The forecast comparisons concern both point and density forecasts, where the point
forecast comparison covers both univariate and multivariate MSE-based measures, while the
density forecasts are summarized with the log predictive score. Compared with CCW, the den-
sity forecasts are extended to include the IS estimator, discussed in Section 5, as well as the
normal approximation, and to a decomposition of the log predictive likelihood for the normal
approximation into forecast uncertainty and forecast error driven terms. The predictive mean
and covariance matrix used by the normal approximation are given by equations (5) and (6)
for a DSGE model, by equations (21) and (22) for DSGE-VAR models, while the predictive

moments for the random walk and BVAR models are shown in Appendix A and B, respectively.

7.1. POINT FORECASTS

Figure 3 displays the root mean squared forecast errors (RMSEs) for the 12 variables that are
endogenously determined in the NAWM.'” The point forecasts from the NAWM, the two DSGE-
VARs, and the BVAR model are computed as the estimated mean of the predictive distribution
based on 500 draws of the model parameters from the posterior distribution, where each draw
is separated by 1000 draws from the next.'® To facilitate not only the comparisons with the

multivariate point forecasts but also univariate comparisons across variables, the RMSEs in

16 While CCW consider additional reduced-form models in their forecast comparison exercise, these models were
outperformed by the large BVAR and have therefore been excluded from the analyses below.

17 The remaining six variables are essentially exogenous for the NAWM and are given by the five variables in
the foreign SVAR block and real government consumption. Since the parameters that determine the behavior
of these variables have been calibrated using data until 2006Q4, the comparisons between the NAWM and the
other four models would not be fair for these variables and they are therefore excluded from the analysis; see
footnote 4 in CCW for further discussion on this issue.

'8 The mean of the predictive distribution of the DSGE model is given in equation (5), while equation (21) gives
the mean for the DSGE-VAR models.
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Figure 3 have been scaled with the estimated standard deviations of the variables over the
period 1995Q1-2006Q4.

As pointed out by CCW, the univariate RMSE analysis shows that the NAWM fares well
when compared with the alternatives. In particular, it forecasts real GDP growth, real export
and import growth, import price deflator, employment, the short-term nominal interest rate,
and the real effective exchange rate well when compared to the competitors. The variables that
the NAWM forecasts badly are nominal wages in particular, but also the GDP deflator, the
private consumption deflator and private consumption. Given these poor performance variables
it is firstly of particular interest to examine whether the DSGE-VAR models fare better, while
at the same time not loosing ground on the variables that the NAWM forecasts comparatively
well. Second, we would like to know whether there is any substantial performance difference
between the DSGE-VARs.

Turning first to the second issue, it is notable in Figure 3 how close the RMSEs of the two
DSGE-VAR models are. For the three variables in levels or log-levels (employment, short-term
nominal interest rate, real effective exchange rate) the RMSEs are very close. Although it is
possible to detect differences for some of the other variables they are hardly spectacular and,
hence, overall the two DSGE-VARs perform similarly. Regarding the first issue, the improved
forecast performance when using these models relative to the NAWM is substantial for private
consumption, nominal wages, the private consumption deflator, and the GDP deflator. The
improvements for nominal wages, in particular, appear to be fairly constant over the forecast
horizon.

For the variables where the NAWM performs well from a RMSE perspective, the DSGE-VAR
models are often competitive and, in the case of real GDP, they tend to perform somewhat better
except at the one-quarter horizon. At the shorter horizons, the NAWM has lower RMSEs for
imports and at the longer horizons for total investment, employment and the nominal interest
rate. Overall, it therefore seems that the DSGE-VARs improve on the forecast performance
relative to the NAWM.

Regarding the point forecasts from the BVAR model it is noteworthy that the RMSEs are
generally higher than for the DSGE-VAR models for real GDP, private consumption, total in-
vestments, exports and imports. With the exception of exports, the RMSEs for these variables
increase with the forecast horizon. The random walk model likewise displays problems forecast-
ing these real variables. For the GDP deflator, we find that the BVAR is competitive at the
shorter horizons and that its relative performance weakens with the forecast horizon. In fact,
for the remaining variables in Figure 3, the BVAR weakly dominates the other models only for
the employment forecasts. The random walk model, on the other hand, is competitive for nom-
inal wages, the short-term nominal interest rate, and the real effective exchange rate. Overall,
however, the BVAR and the random walk models tend to be outperformed by, in particular, the
DSGE-VAR models.
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Table 1 shows the (unscaled) mean forecast errors and, in general, the errors are negative (or
close to zero) for private consumption and nominal wages and positive for the private consump-
tion and the GDP deflator for all models except the BVAR. Moreover, it can also be inferred
that the mean errors for real wages are negative. For the DSGE-VAR models, negative fore-
cast errors are noticeable at the longer horizons for private consumption but they are not as
large in absolute terms as for the NAWM. Negative forecast errors also remain for nominal and
real wages, but they are smaller for all horizons and measures. For the price deflators we find
that the mean forecast errors are positive and substantially larger for the NAWM than for the
DSGE-VARs.

Table 2 provides the percentage share of squared mean errors to the mean squared errors
for the same four variables. In particular, the tendency of the NAWM to overpredict private
consumption and real wages was discussed in some detail in CCW. It is interesting to note that
systematic mean errors explain a large share of the mean squared errors for the NAWM, suggest-
ing that the calibrated steady state of the NAWM along with its balanced-growth assumption is
a significant reason for its poor forecast performance for private consumption, real and nominal
wages, the GDP deflator, and the private consumption deflator relative to the DSGE-VAR mod-
els. It may be recalled that the balanced-growth assumption only affects the prior distribution
of the DSGE-VAR parameters and that the weight on the prior relative to the weight on the
historical data decreases with the A\ hyperparameter, thereby diminishing the influence of this
assumption and potential source of misspecification on the forecasts of these models.

Figure 4 displays the individual mean forecast paths for the five models along with the data
for quarterly private consumption and nominal wages. It is noteworthy that the forecast paths
of the DSGE-VAR models for private consumption are more centered on the actual values than
for the NAWM, while an overall downward shift of the paths for the DSGE-VARs relative to the
NAWM can be detected for nominal wages. Hence, the lower mean errors for the DSGE-VAR
models appear systematically over the forecast sample.

Turning to multivariate measures of point forecast accuracy, such measures are usually based

on the (scaled) h-step-ahead MSE matrix

1 T+Np—1
Em(h) = N, > EneErpn (32)
=T

where €5, = M -1/ 26t+h|t7 and €y, is the h-step-ahead forecast error for the forecast produced
at t. The scaling matrix M is positive definite.

The trace and the log determinant are two statistics that are often used in practise for com-
paring multivariate point forecast accuracy. The choice of scaling matrix for the forecast errors
has a direct impact on the ranking of models when using the trace statistic, while the ranking
is invariant to the choice of M for the log determinant statistic. In addition, the trace and
log determinant statistics are functions of the eigenvalues of the MSE-matrix, where the largest

eigenvalues gives the MSEs of the least predictable linear combinations of the variables while the
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smallest eigenvalues are the MSEs of the most predictable linear combinations. Since the trace
is equal to the sum of the eigenvalues it follows that this statistic tends to be dominated by the
largest eigenvalues, while the determinant is the product of the eigenvalues and is therefore also
influenced by the smallest eigenvalues and may even be dominated by them.

As in CCW, the MSE statistics are calculated for three cases. First, we consider a large
selection with all the 12 variables displayed in Figure 3. The second case covers a medium
selection with the seven variables studied in Smets and Wouters (2003). That is, real GDP,
private consumption, total investment, the GDP deflator, employment, nominal wages, and the
short-term nominal interest rate. Finally, we examine a case which may be regarded as being
the minimum set of variables relevant to monetary policy. This small selection is given by real
GDP, the GDP deflator, and the short-term nominal interest rate.

The trace statistics are displayed in Figure 5. The scaling matrix M is diagonal with the
estimated variances of the variables over the period 1995Q1-2006Q4 and the scaling is thus
the same as for the individual RMSEs in Figure 3. This means that the trace is the sum of
the squared scaled RMSEs. Given the univariate analysis it is therefore not surprising that the
DSGE-VAR models perform very well for all three selections and over all forecast horizons, while
the NAWM is mainly competitive at the longer forecast horizons. Furthermore, it may be noted
that the BVAR and the random walk models obtain the largest trace values for longer forecast
horizons, while the BVAR has low values for the shorter horizons.

The log determinant statistics are displayed in Figure 6. The BVAR model tends to outper-
form the other models for the large and medium selection cases, while the NAWM seems to rank
at the top for the small selection. The DSGE-VAR models have values close to the BVAR for
the larger systems, especially for horizons at and beyond one year. For the smallest system, the
DSGE-VAR models also follow the NAWM closely.

To summarize the point forecast results, we find that by relaxing the strict cross-equation re-
striction of the NAWM through a DSGE-VAR model the forecast performance can be improved,
especially for the variables where the NAWM obtains large and systematic forecast errors. More-
over, the evidence is broadly unaffected by the method for selecting the A\ hyperparameter and
the lag order. For the three multivariate selections, the DSGE-VAR with the overall highest
marginal likelihood (A = 2.5,p = 2) performs better at the shorter horizons compared with the
optimal DSGE-VAR model with four lags, while the situation is reversed at the longer horizons.

The overall ranking of the five models depends on the variables of interest, the forecast
horizon, and the choice of MSE statistic, in particular when the univariate RMSE statistic
is applied. When using the multivariate statistics, the DSGE-VARs typically outperform the
other models for the trace statistic, while the BVAR and the NAWM are competitive for the
log determinant statistic. As pointed out by Herbst and Schorfheide (2012), the prediction error
loss function underlying the MSE comparisons need not be the relevant loss for policy makers.

For example, the use of uncertainty bands in the inflation reports of several central banks (Bank
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of Canada, Bank of England, Norges Bank, Sveriges Riksbank, etc) has become instrumental
in communicating with the public. In the next section we shall therefore turn our attention to
density forecasts and thereby incorporate other features of the predictive distribution, such as

prediction uncertainty, into the forecast comparisons.

7.2. DENSITY FORECASTS

The log predictive scores based on the IS estimator are reported in Table 3 and depicted in
Figure 7 for all variable selections and models. For the NAWM and the two DSGE-VAR models
we have used 10,000 posterior draws among the available 500,000 post burn-in draws for each
model and time period when calculating the log predictive likelihood. These draws have been
selected as draw number 1,51,101,...,499951 to combine low computational costs with a low
correlation between the draws and a sufficiently high estimation accuracy. This procedure yields
estimates of the log predictive likelihood that are accurate up to and including the first decimal
relative to using all post burn-in draws for these models.

In the case of the random walk model, the predictive likelihood for a selection of variables can
be analytically determined and its density is multivariate ¢; see Appendix A. Direct sampling is
possible for the BVAR model through its normal-inverted Wishart posterior and we have used
50,000 draws from its posterior distribution when computing the predictive likelihood with the
IS estimator; see Appendix B for details.

When comparing the NAWM with the two DSGE-VAR models, it is noteworthy that the
DSGE-VAR model with two lags generally obtains higher log scores for all horizons and variable
selections, with values for the four-lag model being close to them, while the NAWM gets lower
values. At the longer horizons, the NAWM obtains values that are near the DSGE-VAR, values
and, in the case of the small selection even slightly higher than the values for the DSGE-VAR
models. Hence, it seems that taking misspecification of the NAWM into account through DSGE-
VAR models improves forecasting performance, especially at the shorter horizons.

It is also worth pointing out that the random walk model is competitive with the NAWM
and the DSGE-VAR models for the one-step-ahead forecasts, especially for the small selection.
As the forecast horizon increases, however, the random walk model’s performance worsens in
comparison with these alternatives.

Compared with the BVAR model, however, the NAWM and the two DSGE-VARs are out-
performed for all selections and forecast horizons, except for the small selection at the longer
horizons. For example, the difference between the log score of the BVAR and the DSGE-VAR

with two lags is at least 27 units for the large selection and 40 units for the medium selection.

19 The numerical standard errors based on the Newey and West (1987) estimator are small for the IS estimator
of the log predictive likelihood. In the case of the DSGE model, the shortest historical sample, and the large
selection the standard errors are less than 0.04, for the medium selection they are less than 0.03, and for the
small selection less than 0.015. As the length of the historical sample increases, the numerical standard errors
decrease. For the DSGE-VAR models, the numerical standard errors are smaller than those for the DSGE model.
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Hence, if the log predictive score is employed as a model-selection device it would prefer the
BVAR to the other models for all selections and forecast horizons.

To address the issue of how well the normal approximation works for the linear Gaussian
models, the log predictive scores for this estimator are displayed in Figure 8. The most prominent
feature is how similar these graphs are when compared to those in Figure 7. In fact, the
IS estimator and the normal approximation suggest the same ranking of the models for each
selection and forecast horizon except for the DSGE-VAR models with the small selection and
the eight-step-ahead forecasts. For this particular case, however, the difference in log predictive
scores is so small?’ that the models may be viewed as equally good (or bad).

Zooming into the individual density forecasts, the log predictive likelihoods of the NAWM for
the large selection are displayed for the IS estimator (solid red line) and the normal approxima-
tion (dashed blue line) in Figure 9. It is striking how closely the normal approximation follow
the IS estimator. Over the full prediction horizon, the normal approximation underestimates
the log predictive score by between 1 and 2.5 units; see also Table 4. It may be noted that this
is not a peculiarity of the large selection but is also found for the medium and small selections,
although the values tend to be somewhat smaller.

Turning to the log predictive likelihoods of the large selection for the DSGE-VAR with two
lags in Figure 10, it is again notable that the differences between the IS estimator and the normal
approximation are quite small, where the total difference between them is now in the range of
2 to 4 units. For the medium selection the errors are somewhat larger at the longer horizons,
while for the small selection the errors are lower (see Table 4). A similar picture is obtained
for the DSGE-VAR model with four lags, but here the approximation errors are nearly half as
big as those in the two-lag model and more in line with the small approximation errors for the
DSGE model. Still, the normal approximation continues to underestimate the value given by
the IS estimator also for the DSGE-VAR models.

The log predictive score based on the IS estimator of the NAWM (dash-dotted grey line)
is also shown in Figure 10. For the shorter forecast horizons it is noteworthy that the overall
difference in the log predictive score between the NAWM and the DSGE-VAR with two lags
is fairly evenly distributed over the sample, supporting the view that the overall difference in
the score is a systematic feature rather than the result of a few data points. Moreover, the
log predictive likelihoods appear to be positively correlated. As the forecast horizon increases,
the two models obtain similar log predictive likelihood values from late 2001 until early 2004,
while the NAWM is outperformed by the DSGE-VAR. over the earlier and later quarters in the
prediction sample.

Turning to the differences between the log score values of the BVAR based on the IS estimator

and the normal approximation in Table 4 we find that the latter underestimates the values by

20 The difference between the log predictive score of the DSGE-VAR with 2 lags and with 4 lags is 0.6 units for
the IS estimator and —0.2 units for the normal approximation when evaluating eight-step-ahead forecasts in the
3 variable case.
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between 0.5 and 3 units for the large selection of variables, while the errors are smaller for the
medium and small selections. In fact, the normal approximation sometimes overestimates the
log predictive score, but the absolute size of the error remains quite small. Furthermore, in
Figure 11 it can be seen that the BVAR outperforms the NAWM in most quarters over the
forecast sample, except a few cases where the BVAR obtains very low values, such as in 2003Q1.

For the random walk model, the normal approximation is somewhat less accurate than for
the other models and underestimates the log score by about 6 to 10 units in the case of the large
selection. As can be seen from Table 4 the errors become smaller as the dimension of the system
decreases from 12 to seven and to three variable, where they are comparable to the errors of
the NAWM. At the same time, the approximation errors are quite evenly spread out over the
forecast sample, resulting in small errors for the individual predictive likelihood values.

Since the normal approximation provides a good approximation of the actual predictive like-
lihood for the five models and the three variable selections, we can utilize the analytical form
of the normal density to assess if the ranking of models is driven by forecast uncertainty or by

forecast errors.?

The former is given by the expression for the log determinant term and the
latter by the quadratic standardized forecast error term based on the population moments of

the predictive distribution. That is,
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where e;;rh“(m) =Y —E[y;rh’yt,m], m is the model index, t =T,T+1,..., T+ Np—1, and
h=1,...,H.

The Dyip;(m) term is depicted in Figure 13 for the five models, eight forecast periods, and
each relevant period in the prediction sample for the large selection of variables. Similarly, the
QHh‘t(m) term is displayed in Figure 14. Turning first to the forecast uncertainty term it can
be seen that for all models and forecast horizons it is weakly upward sloping over the forecast
sample and that the slope is roughly equal across the five models. This indicates that overall
forecast uncertainty is slowly decreasing as data are added to the information set. The values
for the BVAR model is roughly 5 log units higher in each period than for the second group
of models, given by the NAWM and the two DSGE-VARs. The random walk model has the

lowest values for all forecast horizons and the difference relative to the second group of models is

increasing with the forecast horizon. This latter property is due to the forecast error covariance

21 It is not possible to perform an exact decomposition of the predictive likelihood based on the IS estimator.
With a normal conditional likelihood, this estimator is equal to the average over the posterior parameter draws of
a constant times (i) the square root of the inverse determinant of the forecast error covariance matrix conditional
on the parameters (ii) times the exponent of minus the quadratic standardized forecast errors conditional on the
parameters divided by two. Hence, the predictive likelihood is here computed as the log of an average of products
and can therefore not be decomposed in a manner that separates the effect of the forecast errors (in (ii)) from
the effect of the second moments (in (i)) on the predictive likelihood.
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matrix being given by the forecast horizon times a fixed matrix for the random walk model; see
equation (A.10) in Appendix A.

Since the log determinant in Dy ¢(m) is equal to the sum of the log of the eigenvalues of
the population forecast error covariance matrix, the value of the log determinant term is greater
the smaller the eigenvalues of this matrix are. The eigenvalues in turn are small for linear
combinations of the variables that, according to the model, are highly predictable.?? The plots
in Figure 13 therefore show that the BVAR model has better predictability in terms of the second
moments than the other models, the DSGE-VARs with two and four lags and the NAWM follow
as second, third, and fourth, while the random walk comes in last.

Turning to the quadratic standardized forecast error term in Figure 14, it can be seen that the
time variation of the log predictive likelihood is due to these forecast errors. This is not surprising
since the population covariance matrix changes only smoothly over time while the forecast errors
are more volatile. Moreover, the ranking of the models is to some extent reversed, particularly
with the BVAR having much larger forecast errors than the other models over the first half of
the forecast sample. With the exception of the random walk model, this is broadly consistent
with the findings for the point forecasts in Figures 3 and 5.>* The reversal in rankings for the
Qt+pjt(m) term can also be understood from the behavior of second moments, where a given
squared forecast error yields a larger value for this term the smaller the uncertainty linked to
the forecast is. Nevertheless, when compared with the Dt+h‘t(m) term the differences between
the models are generally smaller for the Q;1p;(m) term. This suggests that the model ranking
based on the log predictive score is primarily determined by the second moment of the predictive
distribution in this illustration.

Although these analyses have focused on the large variable selection, the overall findings are
also valid for the medium and small selections. With the log predictive score results being mainly
driven by the behavior of the log determinant in the Dt+h|t(m) term, the eigenvalues and the
eigenvectors of the predictive population covariance matrix may also be investigated in more
detail to learn which linear combinations of the variables in y; , are the most and the least
predictable. Focusing on the large selection at the one-step-ahead horizon, it turns out that
the three largest eigenvalues of C[yf, 1|V;, m] have eigenvectors whose largest values in absolute
terms are multiplied by the real effective exchange rate, exports, and imports. Furthermore, for
the DSGE and DSGE-VAR models the eigenvectors to the smallest eigenvalues have their largest
values in absolute terms on real GDP, employment, and the private consumption deflator, while
the corresponding variables for the BVAR and the random-walk are given by employment, the
GDP and the private consumption deflators. The largest eigenvalues tend to be linked with the

22 In fact, the smallest eigenvalue of the population forecast error covariance matrix is the forecast error variance
of the most predictable linear combination of the variables in the selection.

23 It should be kept in mind that the scaled RMSEs and MSEs of the point forecasts are based on the standard
deviations of the variables. Since these parameters do not exist for the random walk model they are not ap-
propriate scale factors for this model. In contrast, the forecast error covariance matrix used to standardize the
squared forecast errors in the Q1 ¢(m) term is fully model consistent.
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real effective exchange rate, exports and imports also for the other forecast horizons, whereas
the evidence on the smallest eigenvalues is more varied.

The log determinant terms based on the three smallest and the three largest eigenvalues of the
predictive population covariance matrices for the large selection are depicted for all models and
forecast horizons in Figures 15 and 16, respectively. As can be seen in these plots, the overall
ranking of the models is not affected by these further decompositions of Dy ;(m). This suggests
that the evidence for the log determinant term is not driven by any model being particularly
good or bad at forecasting a certain linear combination of the variables. Specifically, the BVAR
is better at forecasting its most as well as its least predictable linear combinations of the variables
in the large selection relative to the corresponding linear combinations of its competitors.2* This
coincides with the finding in Figures 7 and 8 that the ranking of models is broadly maintained

across the large, medium, and small selection of variables.

8. SUMMARY AND CONCLUSIONS

This paper develops and applies tools for computing and comparing density forecasts based
on the predictive likelihood using Bayesian methods. As pointed out by Geweke and Amisano

(2010, p. 217), the predictive likelihood

“...lies at the heart of Bayesian calculus for posterior model probabilities, re-
flecting the logical positivism of the Bayesian approach: a model is as good as

its predictions.”

While the calculation of posterior model probabilities requires that the “true” model exists among
the set of models under consideration, model selection through the posterior odds ratio remains
valid also when all of the models are false.

The predictive likelihood can be applied in a forecast comparison exercise via the log pre-
dictive score, but may also be used more generally as a model selection device, to determine
weights in a model averaging exercise, or when constructing optimal prediction pools under a
Bayesian approach. The paper suggests that the marginal h-step-ahead predictive likelihood
can be computed via missing observations techniques when marginalizing the joint predictive
density for the full set of variables. As a consequence, the approach makes it possible to cal-
culate the marginal predictive likelihood for a subset of the variables that a model can predict,
including a single variable, as well as the joint predictive likelihood for a subset of the variables.
Accordingly, marginal and joint density forecasts for shared variables can be compared across
models with different dimensions and different conditioning information. In the case of linear
time series models with Gaussian innovations, the method is implemented as a missing observa-
tions consistent Kalman filter. For nonlinear and non-Gaussian models, a missing observations

consistent filter, such as the particle filter, serves the same objective.

24 The remaining log determinant term (based on the six eigenvalues of the predictive population covariance
matrix that are less than the three largest and greater than the three smallest) displays similar properties as the
terms for the largest and the smallest eigenvalues.
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Once the predictive likelihood at a value of the parameters (the conditional likelihood) can
be computed, the paper suggests using Monte Carlo integration over the posterior draws of the
parameters to obtain an estimate of the predictive likelihood. This has the interpretation of being
an importance sampling (IS) estimator of the predictive likelihood, where the posterior sampler
using only historical information represents the importance density. The IS estimator is both
consistent and unbiased, while a harmonic mean based estimator of the predictive likelihood
would require an additional set of posterior parameter draws to be consistent. However, the
IS estimator is less likely to work well in practise when examining joint forecasts spanning a
long horizon with many variables. For such a case, the posterior parameter draws are less
likely to cover well enough the parameter region where the conditional likelihood is large and it
may instead be pertinent to apply a cross-entropy method for selecting the importance density
optimally.

In our empirical illustration with five linear Gaussian models, the IS estimator of the predictive
likelihood is compared with a normal predictive likelihood, constructed from the mean vector and
the covariance matrix of the predictive distribution. The analysis is an extension of the CCW
study for euro area data and compares the results for the NAWM, two DSGE-VAR models with
the NAWM as prior, a large BVAR, and a multivariate random walk model. The DSGE-VAR
models were not included in CCW and are used to relax the strong cross-equation restrictions
of the DSGE model.

Over the forecast sample 1999Q1 until 2006Q4 we find that the normal density provides a
good approximation of the predictive likelihood when examining the density forecasts for the
five models. The value of the predictive likelihood is represented by the IS estimator for all
models except the random walk, whose predictive likelihood is multivariate ¢ and can therefore
be calculated directly from its analytical expression. In terms of a model ranking, the log
predictive score—the sum of the log predictive likelihood over the forecast sample—strongly
favors the BVAR model, with the two DSGE-VAR models improving somewhat on the density
forecasts of the NAWM, especially at the shorter horizons. The random walk model, on the
other hand, is only competitive with the NAWM at the one-step-ahead horizon, especially for
the variable selection with real GDP growth, GDP deflator inflation, and the short-term nominal
interest rate only. Moreover, when examining the individual predictive likelihood values it is
found that the ranking of models is not determined by one or two outliers, but is broadly
supported throughout the forecast sample.

When the normal density provides a good approximation of the predictive likelihood, its
analytical form can be utilized to assess which feature of the predictive likelihood is driving the
ranking of models. Specifically, the normal approximation allows for a simple decomposition
of the predictive likelihood into the contributions of forecast uncertainty and forecast errors.
The former term is specified via the determinant of the population forecast error covariance

matrix, while the latter term is determined through the quadratic standardized forecast errors.
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This decomposition suggests that the model ranking in the empirical illustration is primarily
influenced by the forecast uncertainty term, while the forecast errors are mainly responsible for
the volatility in the predictive likelihood.

Since the determinant of the forecast error covariance matrix is equal to the product of its
eigenvalues, the largest (smallest) such eigenvalue gives the forecast error variance of the least
(most) predictable linear combination of the variables. An examination of these eigenvalues sug-
gests that the ranking of the models is not determined by any model being able to forecast only
its most or its least predictable linear combination of the variables better than the competitors.
This is consistent with the finding that the ranking of models is broadly maintained across the

large, medium, and small selection of variables.

33



APPENDIX A: POSTERIOR PROPERTIES OF THE RANDOM WALK MODEL

The purpose of this Appendix is to provide technical details on the predictive density of the
random walk model with a standard diffuse prior on the residual covariance matrix. An analytical
expression of the predictive density is derived and its mean vector and covariance matrix are
also determined.
To these ends, let
Ye=1y-1+e, t=1,...,T, (A.1)

where the residuals ¢; are assumed to be i.i.d. Gaussian with zero mean and positive definite

covariance matrix {2 and yq is fixed. The diffuse prior is given by
—(n+1)/2
p(Q) o Q| TV, (A.2)

Stacking the model in (A.1) into n x T" matrices y = [y1 -+ yr|, * = [yo -+ yr—1], and € =
[e1 -+ er], the posterior distribution is proportional to the prior times the likelihood, which in

natural logarithms can be expressed as

_T+n+1

1 _
5 log || — Etr[Q lee']. (A.3)

T
log L (y|yo, ) + log p(Q2) = —%log(%r)

Recognizing that the last two terms on the right hand side of (A.3) form the log of the kernel
of the n-dimensional inverted Wishart distribution with location matrix e’ and T degrees of
freedom, we obtain

-1 T
n(n—1) log(7) — log T'y(T') + 5 log |e€’|

4 ' (A.4)
log ‘Q‘ — 5131”[9_166/],

T
log p(Qy,y0) = —%bg(?) -

T+n+1
2

where

=1

for T"> n > 0 with I'(-) being the gamma function. From Bayes theorem it therefore follows

that the log marginal likelihood is given by (A.3) minus (A.4), i.e.

n2T —n+1 T
logp(y|y0) = —% log(m) 4+ logT'),(T') — 3 log ‘55”. (A.5)

NORMAL APPROXIMATION OF THE MARGINAL PREDICTIVE LIKELIHOOD

When forecasting with the random walk model it holds that

Elyrn|y,v0,Q] =yr, h=1,....H. (A.6)

The forecast error is therefore equal to the accumulation of er4; over ¢ = 1,...,h, while the

forecast error covariance matrix given 2 is

C’(yT+h|y,y0,Q) =h2, h=1,...,H. (A.7)
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From Rao-Blackwellization we know that the covariance matrix C(yriply,yo) is equal to the
mean of the covariance matrix in (A.7) with respect to the posterior of Q plus the covariance
matrix of the deviation of the mean in (A.6) and its population mean E [yr_mrh‘y, yo). The latter
term is zero since the population mean is also y7, while the former term is given by A times the

mean of the posterior of Q.25 That is,

h /

C(yrsnly, o) = T o1 (A.8)

When computing the marginal predictive likelihood with a normal approximation for the full
system we therefore make use of the forecast errors yry, — yr and the covariance matrix in
(A.8).

When forecasting only a subset of the variables we need to take into account how the posterior
distribution for the covariance matrix of the corresponding subset of residuals is related to the
posterior p(Qy,yo). Let K be an n x n* matrix of columns from I,, which selects y = K'y;.
Similarly, let K| the n x (n — n*) matrix which selects the remaining variables from the y;
vector. Define

M=[K K], (A.9)

i.e. M is an n X n matrix made up of all the columns of the identity matrix and therefore has
a unit determinant while M~! = M’. The posterior distribution of Q3 = M'QM is an n-
dimensional inverted Wishart with location matrix M’ee’ M and T degrees of freedom. Letting
Ox = K'QK, it follows from, e.g., Bauwens, Lubrano, and Richard (1999, Theorem A.17) that
the posterior of Qx is an n*-dimensional inverted Wishart with location matrix K’ee’ K and
T —n+ n* degrees of freedom.

With this in mind, the normal approximation of the marginal predictive likelihood for the
subset of variables is based on the mean forecast error y7 ., — y7 and the population covariance
matrix

C(Yrnly: vo) = T_LMKIEE/K. (A.10)

ANALYTICAL FORM OF THE MARGINAL PREDICTIVE LIKELIHOOD

The determination of the marginal predictive likelihood requires an expression for the conditional
likelihood function L(y7, ,|v, 0, 2). From equation (31) and using yzpr = yr and Xy pipr =

h$) we find that the conditional log-likelihood for the random walk model is given by
* n* 1 1 —1 _* %/
logL(yT+h‘y, yO;Q) = —7log(27rh) ~3 log ‘QK‘ — %tr[QK shgh], (A.11)

where €} = y7.,;, — y7, and the term involving log(h) is due to |2k | = ™ |Qg|. It now remains
to multiply the conditional likelihood with the posterior of Qi and integrate out Qg from the

expression.

25 More generally, the posterior distribution of A2 is inverted Wishart with location parameter hee’ and T degrees
of freedom.
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The product of the conditional log-likelihood of y7., , and the posterior of (2 is given by:

’KIEEIK’ (T'—n+n*)/2

2mh)* (29T —nn)n* 2 (" =D/AT, (T — n + n*) X

p(rn Qx |y, v0) = (

(A.12)
y ’QK’—(T—n-i-Qn*-i-?)/? exp —%tr (QI_(I [K’se’K + h_lfzfm)}

Recognizing that the two terms involving 2 is the kernel of an n*-dimensional inverted Wishart
distribution with location matrix K'ee’K + h~lefer’ and T — n + n* + 1 degrees of freedom,

it follows that the integral of the density p(y} h K

y,yo) with respect to Qg is equal to the
expression in the first term on the right hand side of equation (A.12) times the inverse of the
integration constant of the IW,,«(K'ee’ K + h™'e}e/, T —n+n* + 1) distribution. We therefore

find that

T (T — n+n* + 1)K e/ K| 72

7720 (T — n 4+ n%)| e + (K6 K) ey [Tt 072

P(Yrn|vsv0) = (A.13)

In other words (and as expected), the density of y7.,,

Y, Yo is an n*-dimensional ¢-distribution
with mean yp, covariance matrix given in (A.10), and T'— n + n* degrees of freedom; see, e.g.,
Bauwens et al. (1999, Appendix A) for details.?8

%% Notice also that |I,« + (hK'EE’K)_la’;LEZ’ =1+ EZ’(hK'EE’K)_la’;L; see, e.g., Magnus and Neudecker (1988,
Proof of Theorem 1.9).
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APPENDIX B: POSTERIOR PROPERTIES OF THE LARGE BVAR MODEL

The large BVAR is estimated with the methodology suggested in Banbura et al. (2010) and
therefore relies on using dummy observations when implementing the normal-inverted Wishart
version of the Minnesota prior. Below we will first present the prior and posterior distribution

and thereafter show the relation between the prior parameters and the Ty dummy observations;

see also Lubik and Schorfheide (2006).
The VAR representation of y; is given in equation (10), with ¢; ~ N, (0,€). Stacking the VAR
system as y = [y1 --- yr], X =[X1 -+ X7], and € = [e; --- er], the log-likelihood is given by
T T 1
log L(y|X1;®,9Q) = —%log(%’) —-3 log [©2] — 5131’[9_166/]. (B.1)
The normal-inverted Wishart prior for (®,€) is given by

Vec(CD) ‘Q ~ Ny (np+1) (VeC((I)M), [Qcp ® Q]), (B.2)
Q~ IW, (A, v). (B.3)

This means that the sum of the log-likelihood and the log prior is given by

logf(y, @,Q‘Xl) = —Wlog@w) - % log(2) — w log(m)
108 Tu(1) — 2 log || + & log | 4] - T PEDEUEZ 0101 (Ba)
—~ %tr [Q_l (ee’ +A+ (@ —2,)0." (D - %)’)} :
Using standard “Zellner” algebra, it is straightforward to show that
e + A+ (- 3,)1 - d,)) = (d-8) (XX +Q;)) (@-®) +S,  (BS5)

where

d = (yX'+3,95") (XX + 1),

S=yy +A+®,05'®, - (XX +05") ¥

Substituting for (B.5) in (B.4), we find that the conjugate normal-inverted Wishart prior gives

us a normal posterior for ®|Q2 and an inverted Wishart marginal posterior of 2. Specifically,
vec(@) ‘Q,y,Xl ~ Ny(np+1) (vec@)), [(XX' + Q;l)_l ® Q]), (B.6)

Qly, X1 ~ IW, (S, T +v). (B.7)

Combining these posterior results with equations (B.4) and (B.5) it follows that the log marginal
likelihood is given by
nT n
log p(y|X1) = —5 log(m) 4+ log 'y, (T + v) — log ', (v) — 3 log [ |
T+wv

v n _
+§log‘A‘—§log‘XX’+Q¢,l‘— log‘S‘.

31



The prior in (B.2) and (B.3) can be implemented through Ty = n(p + 2) + 1 dummy obser-
vations by prepending the y (n x T') and X (np + 1 x T') matrices with the following:

Y@ = | X, tdiagld @ w] Opynpo1) diaglw] Opx1 7 'diagld © p]

04 0, ,7—1 0, (B.9)
X(d) = xnp Xxn xn
_)‘;1 (Jp ® diaglw]) Onpxn Onpx1 7' (2, © diag[p])
The vector 1, is a p-dimension unit vector, while the p x p matrix j, = diag[l --- p]. The

hyperparameter A\, > 0 gives the overall tightness in the Minnesota prior, the cross-equation
tightness is set to unity, while the harmonic lag decay hyperparameter is equal to 2. The
hyperparameter 7 > 0 handles shrinkage for the sum of coefficients prior on (I,, — Y% | ®;),
where 7 — 0 means that the prior on the sum of the lag coefficients approach the case of exact
differences, and where shrinkage decreases as 7 becomes larger. The n-dimensional vector &
gives the prior mean of the diagonal of @1, w is a vector of scale parameters for the residuals €;,
while p is a vector that reflects the mean of y;;. Finally, « reflects the overall tightness on ®.
The relationship between the dummy observations and the prior parameters (®,,Q¢, A,v)

are:

o, —y X (X X)) Qp = (X, X!
n=Yayra (X@X@) - o= (XagpXa) -
A= (Y — ®uX(@) (@ — 2uX(a)) v="T;— (np+1)+2.

This guarantees that the prior mean of Q exists. Letting y. = [y(g) y] and X, = [X4) X], it

follows that the posterior parameters
@ =y, X, (X, x)
XX+ =X, X!,
S = (yo = 2X,) (3 — X)),

In the empirical application, 7 = 10),, i.e. a relatively loose prior on the sum of the autore-
gressive matrices. The hyperparameters d; = 0 if y;; is a first difference variable and §; = 1 when
y;t is a levels variable. The scale parameters w; is given by the within-sample residual standard
deviation from an AR(p) model for y;;, while y; is equal to the within-sample mean of y;;. The

~1is set to a very small number, which takes care of having an improper prior

parameter ¢ = 7y
on (I)().

The formula suggested by Banbura et al. (2010) for selecting A, can be expressed as

0]2- Ao)

B . 1 - o (
)\o((b) —argrr/{in (b_;]z_:l 0_32(0) )

where ¢ € (0, 1) is the desired fit, and GJZ-(S\O) is the one-step-ahead mean square forecast error of

variable j when A\, = Xo. The one-step-ahead within-sample mean square forecast errors used in
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the selection scheme are based on the sample 1985Q1-1998Q4. With ¢ = 0.5, ¢ = 3 using real
GDP growth, the GDP deflator, and the short-term nominal interest rate, this selection scheme
sets A, = 0.0693 when p = 4.

It should be noted that having an improper prior on ®( technically means that 24 is singular.
This needs to be taken into account when computing, e.g., the log marginal likelihood in (B.8).

To deal with this, let

/ 2
ip O1x7 Y Ol><np
X = R X(d): ¢ y F:|:q>l @p:|7 QCDZ ’
Y Y Onpx1 r

where 1 is a T x 1 unit vector. The prior for the BVAR is now expressed as
vec(T)|Q ~ N2, (vec(T,), [Qr @ Q), (B.10)
while p(®g) = 1 and the prior of  is given by (B.3). Let Z =y —T'Y, ®; = T~ Zsp, and let
D = I — T Y,
a T x T symmetric and idempotent matrix. Through the usual Zellner algebra we have that
e =7ZD7' + (CDO — (i)o)l,TlT(@o — éo),.

Furthermore, with D being symmetric and idempotent we may define Z = ZD, such that

j=yD,Y =YD and ZDZ' = ZZ'. The Zellner algebra now provides us with
27+ (D =T )0 (T =T,) + A= (T -T) (Y7 +05') (0= T) +5,
where
T = (gf/’ + F,ﬁ;l) (f/f/’ + Q;l)_l
S =gj + A+ T,00 T, — T (V7" + 07" ) T,

It can therefore be shown that the normal-inverted Wishart posterior for the VAR parameters

is given by
®o|1, Q,y, X1 ~ Ny (0, T7'92), (B.11)
vee(T) |, y, X1 ~ Nz, (vee(T), [(YY' + Q)T @ Q]) (B.12)
Qly, X1 ~ IW, (5, T +v—1). (B.13)

Hence, the improper prior on ®( results in a loss of degrees of freedom for the posterior of €.

Furthermore, the log marginal likelihood is

n(lT -1 n
logp(y’Xl) = —Qlog(ﬂ') +logl(T+v—1)—logT,(v) — §log ’Qp’

(B.14)
1’ B T+v—-1

5 log’S‘,

v n n ~ _
+ §log ‘A‘ — §log(T) — §log ’YY +Qp
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where the term log(T) stems from T = .17 and is obtained when integrating out ®( from the

joint posterior. The relationship between the dummy observations and the prior parameters is

1 -1
w =Yy (YY) ar = (YY)
A= (ya) — TwYl) (@) — TuYia)' v="Ty— (np+1)+2.
Letting g« = [y(q) 9] and Y, = [Yia )7], it follows that the posterior parameters
L=gY/(V,Y]) ",
FY b0l V7

S = (. — ITY:) (5 — TY,)".

NORMAL APPROXIMATION OF MARGINAL PREDICTIVE LIKELIHOOD

Conditional on the parameters and the historical data, the expected value of yr,p is obtained

from (20) as

Elyrin|y, X1,2,Q] = L, , + 0"y, h=1,... H. (B.15)

Similarly, the covariance matrix of the forecast error for fixed parameters is given by

Y, X1,8,0) = 2SMT 0 h=1,...,H, (B.16)

c (yT+h

where f]gf ) is given by equation (23) with € replacing ..

The mean of the marginal predictive density of ypyp is computed from (B.15) by taking the
expectation with respect to the posterior of (®,€). It follows that

Elyrnly. X1] = Br [J;,zﬂh + 2| h=1,... A (B.17)

Next, through Rao-Blackwellization, the covariance matrix of the marginal predictive density is
equal to the expected value of (B.16) with respect to the posterior of the parameters plus the

covariance of (B.15) with respect to the posterior of the parameters, i.e.

Cyrin|y, X1) = Er [J]’,igf)Jp} +Op [J;azﬂh + UMY, h=1,... H. (B.18)

The normal approximation of the marginal predictive likelihood is now based on using (B.17)
as mean and (B.18) as covariance. For subsets of variables we simply take the corresponding

elements of the mean and covariances.
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TABLE 1: Mean forecast errors for the NAWM, the DSGE-VAR(A, p), and the

BVAR models over the evaluation

period 1999Q1-2006Q4.

DSGE-VAR DSGE-VAR
NAWM (2.5;2) (6;4) BVAR RW | NAWM (2.5;2) (6;4) BVAR RW
horizon Private consumption Nominal wages
1 —0.12 0.01 0.03 -0.10 -0.02| —-0.37 -0.19 -0.21 -0.19 -0.02
2 -0.23 —-0.00 0.04 -0.11 -—-0.02| —0.45 -0.20 —-0.22 —-0.19 -0.01
4 —-0.34 —0.01 0.02 —-0.10 —-0.04| —0.48 —-0.21 —-0.21 —-0.22 —-0.03
8 -0.27 —-0.06 —-0.06 —0.09 —-0.12| —0.47 —-0.23 -0.19 —0.22 —0.04
Consumption deflator GDP deflator
1 0.14 0.03 0.03 —0.05 0.00 0.08 0.02  0.02 -0.07 0.00
2 0.25 0.06 0.06 —0.056 0.02 0.14 0.05 0.04 —-0.07 0.02
4 0.30 0.07  0.08 —-0.05 0.03 0.20 0.08 0.08 —0.07 0.03
8 0.16 0.02 0.06 —0.10 0.02 0.13 0.07  0.10 —0.06  0.05

TABLE 2: Percentage share of squared mean errors in mean squared errors for

the NAWM, the DSGE-VAR(A, p)
evaluation period 1999Q1-2006Q4.

, and the BVAR models over the

DSGE-VAR DSGE-VAR
NAWM (2.5;2) (6;4) BVAR RW | NAWM (2.5;2) (6;4) BVAR RW
horizon Private consumption Nominal wages
1 12.6 0.1 1.0  11.2 0.2 45.1 234 233 246 0.1
2 31.7 0.0 1.2 11.3 0.3| 73.3 322 388 253 0.0
4 62.9 0.2 0.4 7.8 1.2 | 79.2 35.7  40.7  25.7 0.6
8 51.7 4.4 5.0 4.4 6.2 788 39.8 357 16.0 1.3
Consumption deflator GDP deflator
1 21.9 1.9 1.1 5.4 0.0 8.3 0.4 04 10.6 0.0
2 55.5 8.5 6.8 4.0 0.5| 26.7 3.8 29 115 0.4
4 65.1 8.0 11.1 3.0 0.9| 43.6 11.5  11.7 8.6 0.9
8 45.5 1.1 7.4 8.7 0.3| 32.7 87 171 4.1 1.9
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TABLE 3: Log predictive score using the IS estimator over the evaluation period
1999Q1-2006Q4.

DSGE-VAR
horizon | NAWM | (2.5;2) | (6;4) | BVAR| RW
Large selection (12 variables)
1 —383.2 | —333.0 |—347.9 |—295.6 |—-416.4
2 —438.8 | —381.9 |—395.6 |—332.3 |—-507.0
3 —461.3 | —408.0 |—419.5 |—356.9 |—556.2
4 —465.4 | —423.3 |—-431.6 |—377.4 |—-595.0
) —462.2 | —429.0 |—-436.1 |—383.4 |—-615.9
6 —454.6 | —430.6 |—437.4 |—390.1 |—623.6
7 —442.8 | —427.1 |—-432.9 |-393.9 |-626.7
8 —428.9 | —420.1 |—-424.6 |—392.9 |—623.9
Medium selection (seven variables)
1 —115.6 | —82.5 | —93.3 | —43.1 |-129.2
2 —-163.9 |—-124.8 |-136.8 | —76.7 [—191.2
3 —184.7 |—-149.3 |-159.4 | —96.3 |—225.9
4 —-194.3 |—-163.7 |—172.0 |—112.1 |-251.4
5 —196.3 |—171.5 |—178.0 |—117.8 |—266.3
6 —196.7 |—-176.4 |—-182.1 |—-127.4 |-273.5
7 —192.0 |—-176.9 |—181.0 |—133.1 |—278.1
8 —187.7 |—-176.1 |—-179.2 |—136.0 |—279.7
Small selection (three variables)

1 —41.6 | =32.7 | —37.8 | —14.8 | —43.1
2 —64.6 | —54.3 | —60.2 | —32.8 | —69.7
3 —-73.3 | —64.6 | —69.9 | —46.3 | —81.5
4 —784 | —71.8 | =759 | —57.1| —92.8
5 —79.8 | —75.8 | =784 | —61.9 | —99.8
6 —-80.5 | —77.3 | —79.5| —66.5 |—101.8
7 —-793 | =783 | —79.5 | —71.8 |—104.4
8 —776 | —782 | —788| —73.2 |-105.4

Note: The log predictive likelihood for the random walk model is calcu-
lated with its analytical expression; see Appendix A. For the NAWM and
the DSGE-VAR models, 10,000 posterior draws have been taken from the
available 500,000 post burn-in draws for each time period. The used draws
have been selected as draw number 1,51,101,...,499951. For the BVAR
direct sampling is possible and 50,000 posterior draws have been used; see
Appendix B.
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TABLE 4: Difference between log predictive score using the IS estimator and the
normal approximation over the evaluation period 1999Q1-2006Q4.

DSGE-VAR
horizon | NAWM | (2.5;2) | (6;4) | BVAR | RW
Large selection (12 variables)
1 1.37 2.47 1.50 237 | 598
2 1.39 3.52 | 1.88| 0.25 | 8.78
3 1.58 3.95 | 217 0.25 | 9.81
4 1.82 3.68 2.27 2.92 8.81
) 2.12 3.52 2.35 0.69 8.45
6 2.31 3.43 2.10 2.11 8.44
7 217 3.39 1.82 2.54 7.86
8 2.13 3.27 1.79 2.46 7.50
Medium selection (seven variables)
1 0.93 1.57 092 | —1.62 3.24
2 1.31 2.68 148 | —1.28 | 4.04
3 1.63 3.20 | 1.95|—1.06 | 4.36
4 1.81 3.47 2191 0.06 3.97
) 2.04 3.76 2.29 | -1.10 3.82
6 1.96 391 | 220|-0.29 | 3.99
7 1.90 4.13 2.23 | —0.63 3.82
8 1.77 4.31 2.21 | —0.38 3.72
Small selection (three variables)
1 0.70 0.68 | 0.40 | —0.58 | 0.67
2 0.93 1.08 | 0.54|—0.50 | 0.84
3 1.04 1.28 0.72 0.11 1.11
4 1.03 1.31 0.76 | 0.38 1.00
5 1.00 1.35 | 0.73| 0.34 | 0.90
6 0.86 1.36 0.64 | 0.42 1.02
7 0.80 1.38 0.64 | 0.56 | 0.98
8 0.75 146 | 0.68| 0.76 | 0.98

Note: See Table 3.
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Note: This figure shows the time series of the observed variables used in the estimation of the NAWM. Details
on the variable transformations are provided in Christoffel, Coenen, and Warne (2008, Section 3.2) or Section 2.3

in CCW. Inflation and interest rates are reported in annualized percentage terms.
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FIGURE 2: Marginal likelihood as a function of A for different lag orders.
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FIGURE 3: Scaled root mean squared forecast errors for 12 variables.
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FIGURE 4: Quarterly nominal wages and private consumption mean forecast
paths over the forecast evaluation period 1999Q1-2006Q4.
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FIGURE 5: Trace statistics of the scaled MSE matrices.
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FIGURE 6: Log determinant statistics of the scaled MSE matrices.
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FIGURE 7: Log predictive scores using the IS estimator.
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FIGURE 8: Log predictive scores using the normal approximation.
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FIGURE 9: Log predictive likelihoods for the large selection of variables using

the NAWM.
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FIGURE 11: Log predictive likelihoods for the large selection of variables using
the large BVAR model.
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FIGURE 12: Log predictive likelihoods for the large selection of variables using
the random walk model.
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F1GURE 13: The evolution of the log determinant term of the normal density for
the large selection of variables.
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FIGURE 14: The evolution of the quadratic standardized forecast error term of
the normal density for the large selection of variables.
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FIGURE 15: The evolution of the log determinant term based on the three small-
est eigenvalues of the predictive population covariance matrices.
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FIGURE 16: The evolution of the log determinant term based on the three largest
eigenvalues of the predictive population covariance matrices.
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