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1 Introduction

Inflation is on the rise. An uplift in inflationary pressures has been increasingly evident in
recent months and quarters in most advanced economies around the world. Measurements of
underlying inflation (which largely exclude pandemic related effects and volatile items) have
also picked up while inflation risks have increased as evident from survey measures of long-
term inflation expectations. U.S. with inflation is at at 40-year highs, sparkling a debate about
whether high inflation is on the way back after years of playing dead. If inflationary pressures
turn out to be more permanent, this may lead to higher underlying trend inflation. What would
be the impact of higher trend inflation on real economic activity in the long-run?

Answering this question requires understanding the long-run relationship between inflation
and economic activity, dubbed the long-run Phillips curve (LRPC), which plays a cornerstone
role in monetary economics. On the one hand, a vertical LRPC implies that the inflation rate is
unrelated to the natural level of output (or the unemployment rate) and the central bank should
therefore simply aim at keeping inflation low and stable because there is no long-run trade-off
between the two variables. On the other hand, a positive relationship between inflation and
output (or equivalently a negative relationship between inflation and the unemployment rate)
in the long-run would open up the possibility of trading off a permanent increase in inflation for
a permanent increase in output (or a permanent reduction in output). Is there such a tradeoff
between inflation and output in the long run?

The answer is no, according to macroeconomics textbooks. These textbooks explain that
while there is a short-run tradeoff between inflation and output (or the unemployment rate), this
tradeoff disappears in the long run, so that the long-run Phillips curve is vertical at the natural
level of output (or the natural rate of unemployment). The LRPC can shift if real forces shift
this natural level, but inflation and monetary factors do not affect the LRPC, so that inflation
and real economic activity are unrelated in the long-run. From the seminal works of Friedman
(1968) and Phelps (1967) onwards, the idea that “inflation is a monetary phenomenon” is a
central tenet of macroeconomic theory and of the inflation targeting monetary policy strategy
of most western central banks.

The relationship between inflation and economic activity is therefore of paramount impor-
tance for monetary policymaking as most central banks, including the Federal Reserve and the
Furopean Central Bank, perceive price stability as the basis for long-term economic growth.
While considerable effort has been devoted in the economics literature to investigate this rela-
tionship in the short-run, it might be very surprising to realize that (see discussion below): (i)
little econometric work has been devoted to estimating the LRPC, and (ii) the New Keynesian
framework, which has become a workhorse in both academia and central banks, might or might

not imply a vertical LRPC, depending on the way nominal rigidities are modelled. This paper



tackles both issues by investigating the nature of the long-run relationship between inflation
and economic activity using both reduced-form and structural macroeconomic models.

Regarding (i), a first contribution of the paper is to develop a new empirical framework
to investigate the existence of a potential non-linear relationship between inflation and output
in the long-run. The framework generalizes the Bayesian VAR with stochastic trends (see
Del Negro et al., 2017; Johannsen and Mertens, 2021) to a piecewise linear case. From a
methodological point of view, the functional form of the piecewise linear model depends on
the latent processes (in our case trend inflation). Our theoretical contribution is to show that
both the likelihood function and the posterior distribution of the latent states can be derived
analytically. Therefore, in terms of efficiency our estimator is comparable to the case of linear
models. More importantly, the piecewise linear framework allows us to test the idea that
the long-run relationship between inflation and output can change nature depending on the
level of trend inflation. The main result is the evidence in favor of a threshold level of trend
inflation below which potential output is independent of trend inflation, and above which,
instead, potential output is negatively affected by trend inflation. The threshold level of inflation
is slightly below 4%, above which every percentage point increase in inflation is related to about
1% decrease in potential output per year. We can therefore define a new concept of output gap:
“the long-run output gap” that is the deviation of potential output under positive trend inflation
from its counterfactual level under zero trend inflation. We then show that the long-run output
gap has been on average about negative 2% per year during the Great Inflation. Related to
this point, we also discuss the implications of a negatively-sloped LRPC for the measurement
of business cycles. Specifically, we show that neglecting the long-run relationship between
inflation and output leads to more negative short-run output gap estimates in periods of high
inflation, particularly the Great Inflation, thereby overstating the cyclical component of output
fluctuations.

Regarding (ii), we look for a possible theoretical interpretation of this empirical reduced-form
result. It is natural to start by asking whether the most standard workhorse New Keynesian
(NK) framework can quantitatively reproduce the LRPC estimates of the BVAR. The canonical
NK model does imply a non-linear LRPC (see Ascari and Sbordone, 2014) because positive
trend inflation creates inefficient price dispersion due to nominal rigidities and hence reduces
the natural level of output.! The relevance of this non-linearity and the magnitude of the
negative effect depend on the parameters of the model. Then, the question becomes empirical.
Moreover, to verify the extent to which the New Keynesian model can reproduce the main
features of the long-run relationship between inflation and output found in the BVAR analysis,

we need to extend the model by allowing for time variation in steady state inflation. Allowing

We use the terms ‘natural level of output’, ‘potential output’, ‘steady state output’ as indicating the same
object: the long-run level of output. Furthermore, we will use as synonymous the terms ‘trend inflation’, ‘inflation
target’ and ‘steady state inflation’.



trend inflation to vary every period is a non-trivial modification of the baseline model, both
because the steady state of the model becomes time-varying, and because the dynamics of the
model is affected non-linearly by the level of trend inflation. This paper, thus, generalizes to
a full NK model the work in Cogley and Sbordone (2008), who estimate the New Keynesian
Phillips Curve (NKPC) allowing for time variation in trend inflation, and thus in the NKPC
coefficients.” A second contribution of the paper, thus, is to estimate the structural NK model
generalized by adding time-varying trend inflation and stochastic volatility. We develop an
econometric strategy suited for this problem, allowing us to jointly estimate the short-run
dynamics and the long-run relationship implied by the model. The model parameters and
the latent states are estimated using a Bayesian approach based on Sequential Monte Carlo
methods. In particular, we use the econometric strategy for parameter learning that combines
the approach of Carvalho et al. (2010), and the particle filter of Liu and West (2001), as in
Ascari et al. (2019).

The estimated Generalized New Keynesian (GNK) model reproduces very well the evidence
of the reduced-form BVAR model of a negative long-run relationship between inflation and
output. The LRPC is not vertical but negatively sloped and non-linear. In particular, it is
vertical for very low levels of inflation and then it exhibits an increasingly negative slope as
the long-run inflation rate increases above 3-4%. In terms of output losses, going from 2% to
4% inflation target causes an output loss of roughly about 0.65% per year. The effect is highly
non-linear such that a 5% and a 6% inflation target would imply an output loss (relative to 2%
target) of roughly 1.2% and 2% per year, respectively. The estimates are quite precise and they
are not statistically different from the one implied by the reduced-form piecewise linear BVAR
model, i.e. the estimated structural LRPC is within the credibility bands of the estimated
long-run relation between trend inflation and potential output from the BVAR. In addition,
the long-run output gap estimate from the structural model is quantitatively similar to the one
from the BVAR, with output cost estimates of about 1 —3% per year during the Great Inflation.
From a medium to long-run perspective, these numbers are not negligible, even for low levels

of trend inflation if one looks at the cumulative losses over the years.?

2Cogley and Sbordone (2008) structurally decompose inflation dynamics into a time-varying long-run com-
ponent (i.e., trend inflation) and a short-run one (i.e., the inflation gap given by the difference between inflation
and trend inflation). Their main finding is that time-varying trend inflation captures the low frequency variation
in the dynamics of inflation, while the short-run inflation gap fits well a purely forward-looking NKPC without
the need of any ad hoc intrinsic inertia.

3Fernéndez-Villaverde and Rubio-Ramirez (2007) present pioneering work on the estimation of non-linear or
non-Gaussian DSGE models, based on particle filtering within a Markov chain Monte Carlo scheme. The use
of Sequential Monte Carlo methods is less common in the literature. Exceptions are Creal (2007), Chen et al.
(2010) and Herbst and Schorfheide (2014).

4This point is also made by Coibion et al. (2012) where they compare the large costs of ZLB episodes, which
are rare, to the small costs of a higher target, which are paid every period.



Related Literature. The famous correlation unveiled by Phillips (1958) was initially thought
to imply a long-run negative tradeoff between (wage) inflation and unemployment (Phillips,
1958; Samuelson and Solow, 1960). As is well-known, the idea of a long-run tradeoff disappeared
with the seminal papers by Friedman (1968) and Phelps (1967) that introduce the keystone
concept of a natural rate of unemployment and a vertical LRPC. Early tests of the natural rate
hypothesis (NRH) (e.g., Sargan, 1964; Solow, 1969; Gordon, 1970) were based on estimating
a Phillips Curve using some distributed lags of inflation to capture expectations and then
look at whether the sum on the inflation coefficients would add up to one.” After these early
times, the literature on testing the natural rate hypothesis is surprisingly slim, given its pivotal
role in macroeconomics. King and Watson’s (1994) influential paper find the inflation and
unemployment series to be I(1) but no evidence of cointegration between them. Karanassou
et al. (2005) is one of the first papers to cast doubt about the NRH.® Beyer and Farmer (2007)
cannot reject the assumption of I(1) for inflation and unemployment, but, unlike King and
Watson (1994), they find that the low frequency comovements are stable and cointegrated
across the whole sample. They interpret their finding as evidence against the NRH. Even more
surprisingly, they find that the cointegrating vector in their VECM model implies a positive
long-run relationship between inflation and unemployment, contrary to the famous Phillips
(1958) negative correlation. Berentsen et al. (2011) reports a positive correlation between the
low frequency (filtered) component of inflation and unemployment. Haug and King (2014)
corroborate this suggestive evidence using more advanced time-series methods for filtering.
A recent paper by Ait Lahcen et al. (2021) uses cross-country panel data from the OECD
countries to document that the positive correlation between long-run anticipated inflation and
unemployment is state-dependent, i.e., it is higher when unemployment is higher. This is
consistent with our findings. Benati (2015) conducts SVAR analysis on U.S. data and concludes
that there is no evidence in favour of a non-vertical LRPC. However, the uncertainty surrounding
the estimates is so large that is not possible to reject an alternative view, where he meant a
negative relationship.

We add to this literature in many dimensions. First, we employ a different methodology
based on the BVAR analysis with stochastic trends, thereby providing a multivariate trend-cycle
decomposition. Second, we provide a methodological contribution as we generalize this approach
to a non-linear setting. While the non-linear approach is necessary to identify a threshold value
of trend inflation that tilts the long-run relationship between inflation and output, it is also

justified by the difficulties in estimating this relationship, as flagged by Beyer and Farmer

5See King and Watson (1994) and King (2008) for a comprehensive survey of the history of the debate over
the nature of the Phillips curve in macroeconomic history in the ‘70s and‘80s. See Karanassou and Sala (2010)
and Svensson (2015) for a very recent investigation using a similar approach.

SKaranassou and Sala have a series of papers investigating the NRH for various countries and using different
methods - GMM, VAR and chain-reaction theory (CRT) - see Karanassou and Sala (2010) and Karanassou et al.
(2010) for a survey of these works.



(2007) and Benati (2015). Beyer and Farmer (2007) estimate the model over two different sub-
samples because of parameter shifts. Benati (2015) discusses the difficulties in identifying this
long-run relationship because of changing inflation dynamics due to different monetary policy
regimes (Benati, 2008). The possibility of identifying the LRPC depends on the inflation process
displaying permanent variations, i.e., a unit root. However, inflation persistence changed quite
dramatically during the post-WWII sample in the U.S. data, and the Great Inflation might be
the only period that allows identification of the LRPC. Finally, we also estimate a structural
model providing theoretical underpinnings to the empirical analysis.

Regarding theory, first, it is well-known that the GNK model delivers a negative relationship
between steady state inflation and output (Ascari, 2004; Ascari and Sbordone, 2014). Hence, it
is natural to work with the workhorse NK model which is at the core of the modern analysis of
business cycle and monetary policy.” Second, given the complexity of the estimation procedure,
we estimate a relatively small-scale version of this model with flexible wages and no role for
capital. Third, the cost of steady state inflation is higher in the standard Calvo model compared
to alternative sticky price models, because it leads to a large level of inefficient price dispersion in
steady state. In particular, Nakamura et al. (2018) criticize the welfare costs of inflation implied
by the standard NK model. If price dispersion increases rapidly with inflation, then the absolute
size of price changes should also increase with inflation. However, they find no evidence of larger
absolute price changes in a dataset on pricing behavior during the Great Inflation period. The
frequency of price changes, instead, substantially increased, suggesting that state-dependent
sticky price models might be a more plausible mechanism to describe pricing frictions. Nakamura
et al. (2018) further show that the positive relationship between inflation and price dispersion is
very weak in their state-dependent pricing model, thus reducing the costs of inflation, as showed
in Burstein and Hellwig (2008). This is an important point and few comments are in order.
First, estimating a LRPC in a DSGE model with state-dependent prices and time varying trend
inflation is computationally challenging, if not infeasible. Second, while Nakamura et al. (2018)
focus on the comovement between actual inflation and price dispersion and on the short-run
welfare costs of inflation, we are concerned with long-run relationships. The estimated level of
trend inflation does not go as high as actual inflation in the sample, so the difference between
the welfare cost in a Calvo model and in a menu cost model is less dramatic than with a 2 digit
inflation rate. Moreover, the flat relationship between price dispersion and inflation in menu
costs model heavily depends on the fact that the model needs large idiosyncratic shocks to fit
the microdata. Third, recent works (e.g., Nakamura and Steinsson, 2010; Alvarez et al., 2016)

introduce a random opportunity of price change, hence a Calvo component, in the menu cost

"Berentsen et al. (2011) uses an alternative approach based on search-and-matching frictions both in the good
and labor market to explain the positive correlation between long-run anticipated inflation and unemployment.
Ait Lahcen et al. (2021) builds on this model to explain the non-linearity in this relationship they find in the
OECD data. None of these papers is estimating the model.



model so the model could explain a mass of small price changes in the microdata. In such an
augmented menu cost model, the difference with the Calvo model is bound to be smaller. Fourth,
Sheremirov (2020) shows that microdata exhibit a positive comovement between inflation and
the dispersion of regular prices - that is, excluding temporary sales - and that the Calvo model
overstates this comovement, while the standard fixed menu cost model understates it. Moreover,
Sheremirov (2020) suggests that a Calvo model with sales is the only one able to replicate the
relation between inflation and price dispersion in the microdata. Importantly for us, he shows
that: (i) the inflation cost of business cycles is 40% higher in his favourite model compared to
the standard Calvo model, leading to a lower optimal inflation rate; (ii) the shape of the output
response to monetary policy shock in the Calvo model with sales is similar to the standard one
without sales, suggesting that the implied short-run dynamics of the Calvo model is a good
approximation for aggregate variables. Moreover, a recent paper by Abbritti et al. (2021) insert
in a standard Calvo-type a New Keynesian (NK) framework endogenous growth, a frictional
labor market and downward wage rigidity. The model yields a long-run trade-off between
output growth and inflation and consumption equivalent welfare losses of deviation from the
optimal inflation target that are a multiple of those associated with traditional models, because
endogenous growth magnifies the trade-off between price distortions and output hysteresis.

Finally, and most importantly, we show that our estimated GNK model is able to reproduce
the LRPC estimated with the reduced-form BVAR analysis. Therefore, it is able to capture the
long-run tradeoff between inflation and output in the aggregate data, despite not capturing the
richness of the microdata behaviour, while a menu cost model might have more hard time in
matching the reduced form empirical evidence in aggregate data. The Calvo model thus seems
to be a good approximation not only for capturing aggregate short-run dynamics (see Kehoe
and Midrigan, 2015; Sheremirov, 2020), but also aggregate key long-run relationships.

The paper proceeds as follows. The next section presents the reduced form BVAR method-
ology along with the estimated long-run Phillips curve. The section introduces the notion of
the long-run output gap and shows its estimates from the BVAR and also discusses the impli-
cations for business cycle measurement arising from a non-linear LRPC. Section 3 presents the
structural GNK model, the estimation methodology and the estimation results. The section
documents that a canonical NK model with time-varying trend inflation implies an estimated
LRPC that is both qualitatively and quantitatively in line with the BVAR analysis. Finally,

Section 4 concludes.

2 A time series approach

We propose a time series model that is tailored to the purpose of estimating the long-run Phillips

curve. As in Del Negro et al. (2017) and Johannsen and Mertens (2021), we express a VAR



in deviations from time varying trends that we interpret as the long-run components of the
respective variables.® The methodology is a generalization of the steady state VAR by Villani
(2009) and is a trend-cycle decomposition in which the dynamics of the cyclical components
are described by an unrestricted VAR, but the long-run trends have a structure inspired by
economic theory.

More formally, indicate with X; a n x 1 vector of observed variables at time t. We define
X, as the long-run component of X;. This interpretation follows from the assumption that the
deviations (X; — X;) have stable dynamics and unconditional expectations equal to zero. In

particular these deviations are described by the following stable VAR:
A (L) (Xt — Xt) = €¢ (1)

where A (L) is a polynomial in the lag operator L and ¢ ~ N (0,%.;). We assume that the

reduce form shocks ¢; have stochastic volatility:
Yt =BlS(BT'S) (2)

with S; is diagonal and B is lower triangular. Collecting the elements in the main diagonal of S
in the vector s, we follow the well-established literature (see for example Cogley and Sargent,

2005; Primiceri, 2005) by modeling the time variation in the volatilities as:
log s; = log s;—1 + 14 vy~ N(0,%,) (3)

and we restrict X, to be diagonal.
The focus of our analysis is the long-run component X; which is assumed to depend on a

(g x 1) vector of latent variables 6;:

Xt =h (0,5)

0= f (9t—1,77t)

(4)

where h(6;) and f (6;—1,m:) are generic (potentially non-linear) functions, and 7, is a vector of
exogenous Gaussian shocks. In this way we can specify the dynamics of the long-run component
in a sufficiently general way, and in particular we are going to use equation (4) to define a long-

run Phillips curve.

8This approach has been recently used by Maffei-Faccioli (2020) and Ascari and Fosso (2021).



2.1 The model

We build a model for the GDP per capita 1, the inflation rate m; and the nominal interest rate
i¢. We use a bar over each respective variable to indicate its time-varying long-run component,
e.g., T is the long-run component of inflation (trend inflation) at time ¢.

We assume that the potential output 4; can be decomposed in the sum of two components:
U =y; +0 () (5)

where y; is a trending component and 0 (7;) is a function of trend inflation such that 6 (0) = 0.
Then, we can interpret y; as the long-run level of output in case of zero trend inflation, and we

assume it has the following dynamics:

vi=vyii+tga+n  nl~N(0,0)) (6)

gt = Gi—1 + 77{? ntg ~ N (0,0'527) . (7)

The assumption about the trend component y; is quite standard in the literature, and as in
Harvey and Todd (1983) and Clark (1987), we allow for both the slope and the level to change
over time.” We depart from the literature adding the explicit possibility of a relation between
the long-run level of output and trend inflation: equation (5) is the long-run Phillips curve.

In particular, the function § (7;) measures the long-run costs or benefits from having a

positive trend inflation. We model it as a piecewise linear function:

3 kq 7 ifm <7
6(7¢) = (8)
kommy + ¢ i T > 7.

With this assumption we allow for the slope of the long-run Phillips curve to change depending
on trend inflation being higher or lower than a certain threshold 7. The main advantage of
using a piecewise linear setting is the availability of the analytical expression for the likelihood
function, so that the efficiency of the estimator we propose is comparable to the one we use in
case of linear models. Moreover, equation (8) is easy to interpret, and the posterior distribution
of 7 is a natural statistic to consider when reasoning about the potential costs or benefit from a
positive level of trend inflation. We describe more formally how we propose to treat this simple
class of models in Section 2.2.1, where we also discuss the pros and cons of this approach.

The long-run components of the other two variables in the model evolve as follows: trend

In our specification the process for GDP is by assumption integrated of order 2. The more parsimonious
option with oy = 0 has been extensively used in the literature (Watson, 1986; Kuttner, 1994; Planas et al., 2008).
However, in the sample considered we find convenient to capture the slowdown in GDP as a slow moving decline
in the growth rate of potential output (see also Maffei-Faccioli, 2020).



inflation dynamics are described by a random walk:'"
M= +n7  nf ~N(0,07), (9)
and the nominal interest rate obeys the long-run Fisher equation:
i = T+ cgi + 2. (10)

As in Laubach and Williams (2003), we assume that the long-run real interest rate is a function
of the growth rate of potential output ¢g; and of a component z; that captures all the slow
moving trends that might affect the natural rate of interest, but are not directly included in the

model. In particular we assume that z; also evolves as a random walk:
_ z z 2
2t = Zt—1 + nt nt ~ N (07 Uz) . (11)

The model described above belongs to a general class of piecewise linear specifications in

which equation (4) is written as:

X = Dy + Hi, (12)

O = My + Gy 1 + Pmt

with 7, ~ N (0,%,;) and Dy, Hy, My, Gy, Py are matrices of appropriate dimensions that are
functions of the latent vector #;. In particular, at each time ¢ we have a finite number AN of

possibilities depending on the region to which 6; belongs:

(D1, Hig, My, Gy, Pry) it 0; € ©1

(Day, Hap, Moy, Goy, Pay) if 0; € ©

(Dt,Ht,Mt,Gt,Pt) = (13)

(Dwrty Har, Mprg, G, Pry)  if 0 € O

where ©1,02,...,0n C O is a partition of the support of ;. The time subscript on the right-
hand side of (13) indicates that the groups of matrices do not have to be the same at each time
t: the important assumption is that we always have a finite number of options so that the model
is piecewise linear.

In our case the variable X; contains the long-run components of GDP per capita, inflation

rate and the nominal interest rate. Moreover, D; = 0 Vt and H; = H is a constant matrix.

19A large part of the literature also assumes stochastic volatility for the shock to trend inflation (see Stock
and Watson, 2007, 2016; Mertens, 2016; Mertens and Nason, 2020). We make this assumption for the structural
model of Section 3.



Finally, the latent vector 6; contains trend inflation 7, potential output ¥, the growth rate
of long-run output ¢g; and the residual component of the long-run real interest rate z; (see the

Appendix for a detailed description).

2.2 Empirical strategy

We use a Bayesian approach to estimate the joint posterior distribution of the unknown param-

eters and latent processes:
p(9t>5t7A(L)>\IIB7\IIX7\I/977_7 z31/7277|)(1:T) (14)

where Up is the set of parameters of the matrix B in equation (2), and ¥ 5, ¥y, are the set of
parameters of the matrices in the respective equations of system (12). In terms of notation, a
subscript s : t indicates the collection of values from time s to time ¢, and T is the sample size
such that X7.7 denotes the complete data set available for the analysis.

The posterior distribution (14) is approximated through particle filtering: we combine the
particle learning approach by Carvalho et al. (2010) with the methodology by Liu and West
(2001). Particle filtering is a convenient choice to estimate both linear and non-linear models,
and recent applications include Ascari et al. (2019) and Mertens and Nason (2020). Note that
the model described above is non-linear due to the dependency of the matrices in (12) the latent
processes, i.e., 0, and the presence of stochastic volatility, i.e., s;. It is important to distinguish
these two sources of non linearity: conditional on the volatility processes, the model is piecewise

linear and below we describe a convenient way to treat this class of models.

2.2.1 The posterior distribution of piecewise linear models

Similar to the case of linear models, we are able to derive the full conditional posterior distribu-
tion of the latent vector 6; (considering all the parameters and the stochastic volatility processes
as given). However, we still have one caveat: the posterior distribution at time ¢ is equal to the
weighted sum of 2¢ distributions. Although all the addenda can be computed analytically, the
number quickly becomes too big, thus making the overall computation subject to the curse of

dimensionality. The following simple example clarifies this point.

A simple example

Consider the case in which X; is univariate and 6; only contains the trend inflation 7;. Moreover,
for simplicity, assume that there are no lags and that errors are homoscedastic. Equation (1)
becomes:

Xt = Htﬁ't + € € ~ N (070'62) (15)

10



where H; is now a scalar such that:

H1 if ﬁt S T
H, = (16)

H, if m > 7.

Assume that before observing any data, trend inflation at time zero is distributed as a Normal:

o ~ N (mg, Cp) , so the predictive density is:
T NN(al,Rl), a; = my, Ry :CO‘l—O'TQF. (17)

When the first data X arrives, we can compute the posterior distribution of 71, which is given

by the sum of two addends:

p(ﬁ'l’Xl) :p(ﬁ1|fr1 < T,Xl)Pr (77'1 < T‘X1)+

p(7_T1|7_Tl>T,X1)P1“(77’1>7“X1). (18)

Let’s consider the first addend: it is the product of a density function and a probability. In
order to compute p (71|71 < 7, X7) it is convenient first to treat the model “as if” it were linear
(H; = H; Vt), and subsequently apply the truncation. The joint distribution of (71, X1) from

the auxiliary “unrestricted” model is:

T N ai R, H{ Ry

X1 H1a1 HlRl H%R1+O'2

€

Then, truncating 71 below 7 we have:
(mlf1 < 7, X)) ~ TN (mf, Chim < 7). (19)
which is a truncated Normal distribution with parameters ml{ and C{’ :

-1
m$ =a; + Hi R, (H12R1 + J?) (X1 — Hiay) (20)
CY =Ry — H?R} (HIR, +02) " (21)

We proceed analogously for the case: m; > 7, and we get:

(77'1|ﬁ'1>T,X1)NTN(m[11,CiZ;7TF1>T), (22)

11



where

m$ =ay + HyRy (HERy + 02) " (X1 — Haay) (23)
C§ =R, — HZR? (H3R, 4+ 02) . (24)

Finally, we need to compute the probabilities Pr (71 < 7|X3) and Pr (7 > 7|X1). Since the
distribution (b) is multivariate Normal, the marginal density p (X;|m < 7) is a Skew Normal

distribution (Azzalini, 1985). Following Arellano-Valle et al. (2002), we can write it as:

pb (Xl)PI‘b (77'1 < T‘Xl)
Pr(fn ST) ’

p(Xi|m <7) = (25)

where the superscript b indicates that the density and the probability at the numerator are

computed through the auxiliary distribution (b):

p* (X1) = ¢ (X1; Hiar, Hi Ry + 0?2) (26)
Prb (7 < 7X) =@ (T;ml{,C’f) . (27)

For notation, ¢ (x; L, 02) denotes the probability density function of a Normal distribution with

2 evaluated at x, and @ (az*; ,u,aQ) is its cumulative density function

mean p and variance o
evaluated at x*.
To avoid confusion, note that the probability we are interested in is: Pr(m < 7|X;) #

Pr® (71 < 7|X;) . However, from (25) we have:
Pr (7 < 7|X1) o p? (X1) Pr? (7 < 7] X1). (28)

With an analogous reasoning, Pr(m > 7|X;1) o« p®(X1)Pr® (m > 7|X1), where p® (X;) =
¢ ( X1; Hoay, H3Ry + 02 ) and Pr® (71 > 7|X1) = 1 — @ (1;m%, CY).

We have now derived the analytical expression for the posterior distribution of 71 given
the first observation X;. Figure (1) shows it together with the distribution of 7y, using a
calibration made-up for explanatory purposes.'! While the distribution of trend inflation at
time 0 is a Normal, after observing X the posterior (18) is a mixture of two truncated Normal
distributions.

To compute the posterior distribution of trend inflation at time 2, let’s start again from the
predictive density: p(72|X1) = p(Te|71 < 7, X1) Pr (71 < 7| X1)+p(7e|7m1 > 7, X1) Pr (71 > 7] X74) .
While at the previous point in time the predictive density was simply a Normal distribu-

tion, we now have to deal with a mixture of two distributions, and consequently the posterior

HThe figure is obtained setting mo equal to 3; Co equal to 1; 7 equal to 4; k; and ko equal to 1.1 and 0.9
respectively; o2 equal to 0.5 and o2 to 1. The realization of X is 4.3.
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Figure 1: Prior distribution of 7y and posterior distribution of 7.

p (2] X1, X2) will be a mixture of four components. Using the same reasoning it is clear that
the posterior at time t is a mixture of 2! distributions, so the computation quickly becomes
infeasible.

We propose to tackle the curse of dimensionality with a particle filtering strategy. Assume
that at time ¢ — 1 we have a set of N particles {T_rﬁ)l}]'vl that approximate p (m;—1]|X1.4-1),
where the supercript (i) indicates the i** particle. For eeigh particle, conditioning on the value
of trend inflation at ¢ — 1, the posterior distribution at time t consists of a mixture of only
two distributions. This solution appears natural in our context, since the presence of stochastic
volatility represents an additional sourse of non linearity that would suggest the use of a particle
filtering strategy in any case.

At this stage, it is important to stress that estimating a piecewise linear model is comparable,
in terms of efficiency, to the more common linear case. Formally, in the implementation of the
particle filter we will draw the values for latent vector 6; from the so-called “optimal importance

kernel”. A contribution of this paper is to show that the latter is also available for this simple

class of piecewise linear models.

A fully adapted particle filter
Let’s consider again the general case and suppose the VAR in (1) has p lags. The Appendix

shows that we can write our time series model in the following state-space form:

Y, = D; + F;9; + ¢ (29)
Uy = My + Gidi—1 + Py (30)
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where Y} is an observed vector of dimension n x 1 and the latent vector J; = (6, 6;_;--- Géfp), .
The matrices of the state-space (29) and (30) are functions of 9 since they are constructed using
the matrices in (13), so they can belong to different groups depending on the region to which ¥,
belongs. In other words, the state-space model is piecewise linear and for now we are considering
the case in which both the parameters and the volatility processes are known.

For our particle filter, we design a “resample - propagation” scheme following Pitt and

SN
Shephard (1999). Assume that at time ¢ — 1 we have a set of N particles {1991} that

=1
NN
approximate p (¥;—1|Y1.4—1), and we want to get an analogous set of particles {19,@}. to

approximate p (U¢]Y1.+). We propose the following fully adapted particle filter:

Fully Adapted Particle Filter

. N
At t—1: {197@1} ) approximate p(¥¢—1|Y1:4—1)
1=
1) RESAMPLE

a) Compute w,ﬁi) X p (Yz\vﬂgi_)l,let_l)

b) Resample {591}11 using {ﬁ’gi)}il

2) PROPAGATE
Draw 19?) ~D (ﬁtm,@p Yl:t)

In order to implement the filter, we need two distributions: the predictive density p <Y} ]19?_)1, let_l)
for the resample step, and the posterior density p <19t|19£i_)1, Y1;t> for the propagation step. In the
Appendix we derive the analytical expressions for both, showing that the former is a mixture
of Skew Normal distributions, and the latter is a mixture of truncated Normal densities.

The state-space form (29) and (30) is quite general and it can be useful for a wide range
of applications using likelihood-based methods. A common trade-off in the choice of the model
specification is the following: on one hand it is desirable to estimate a fully non-linear model in
order to reduce the misspecification. However, this task might result to be too difficult, or the
approximation of the likelihood can be poor due to computational constraints. On the other
hand, the linear approximation suffers from model misspecifications but has the advantage that
the likelihood function can be computed analytically. In this trade-off, we propose a third
option: the piecewise linear specification. The advantage of this choice is that it reduces the
misspecification with respect to the linear case, while keeping the analytical availability of the
likelihood (with the caveat of the curse of dimensionality, as explained above). The cost in this

case is in the number of parameters to estimate, as clear from equation (13). The more the
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number of intervals, the better the approximation, but the more the number of parameters to
estimate. We lack of a formal criterion to choose an appropriate number of intervals. While
we think this is an interesting question for future research, in this paper we opt for the simple

choice of a single break.

2.2.2 A particle filtering approach for state and parameter learning

For the estimation of non-linear macroeconomic models there is a strong tradition that makes
use of particle filters to get an approximation of the likelihood function in the context of Markov
chain Monte Carlo methods, as pioneered by Fernandez-Villaverde and Rubio-Ramirez (2007).
In this paper, instead, the use of a particle filtering strategy directly aims at approximating the
joint posterior distribution of the latent processes and the parameters, as expressed in (14).

We now describe the main features of our particle filter while having a more detailed expla-
nation in the Appendix. The presence of stochastic volatility introduces another non-linearity
in our model. However, as discussed above, conditional on the stochastic volatility processes,
the model is piecewise linear and both the predictive density and the posterior distribution are
available analytically. In other terms, we implement a marginalized particle filter to increase
the efficiency of the estimator through the Rao-Blackwell theorem. In order to get draws of
the stochastic volatility we simply use a “blind” distribution based on the dynamics of the
stochastic volatilities in equation (A5).

To estimate the parameters we primarily use the particle learning approach by Carvalho
et al. (2010). The methodology consists of augmenting the vector of latent processes with suffi-
cient statistics for the full conditional distributions of the different parameters. This idea uses
the same “Rao-Blackwellization” principle to increase the efficiency of the estimator. Unfortu-
nately, we are not able to use it for all the parameters: in particular sufficient statistics are not
available for the posterior distribution of 7. To estimate the latter, we use a mixture of Normal
distributions, following Liu and West (2001).

The use of particle filters, and in general sequential Monte Carlo methods, to estimate
the parameters of macroeconomic models is becoming more common. With respect to the
more traditional approaches based on Monte Carlo Markov Chain (MCMC), sequential Monte
Carlo (SMC) methods do not have the problems related to the convergence of the chain (which
can be severe in case of non-linear models), and are much better at approximating multi-
modal posterior distributions. Moreover, it is easy to exploit computational advantages from

parallelization, especially in the era of multi-core processors.'”

23ee the discussion in Herbst and Schorfheide (2014).
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2.3 Estimation

We estimate the model using three U.S. quarterly time series: per capita real GDP, (annualized)
quarterly growth rate of the GDP deflator, and the Federal Funds rate, over the period 1960Q1 —
2008Q2."% As discussed by Benati (2015), while the Great inflation period is crucial for the
estimation of the long-run Phillips curve, more recent decades contain less relevant information.
Hence, we choose to exclude post-2008 data from our sample to avoid all the technical issues

related to the lower bound on the nominal interest rate.

2.3.1 Priors

The prior distribution of the parameters in the model for the long-run component X are reported
in Table 1. According to our prior information the long-run Phillips curve is vertical: this is
summarized by the choice of a Normal distribution with mean equal to 0 and standard deviation
equal to 0.75 for both ki and ky. The prior for the threshold 7 is centered at 4, which is close
to the average of inflation in our sample. This prior is quite informative because we want to
avoid wasting effort in exploring unrealistic region of the support, especially considering the
range of trend inflation estimates in the literature (see for example Cogley and Sbordone, 2008;
Cogley et al., 2010a; Stock and Watson, 2016; Mertens, 2016; Mertens and Nason, 2020). The
parameter ¢ governs the relation between the growth rate of potential output and the natural
interest rate. While the empirical evidence in favor of this link has been debated (Hamilton
et al., 2016), this relation can be derived from the Euler equation in a micro-founded structural
model, and we make our prior consistent with logarithmic utility (the nominal interest rate
is expressed in annual terms). The priors for the variances of the shocks to the long-run
components are assumed to follow standard Inverse-Gamma distributions whose parameters
are shown in Table 1. The short-run dynamics are described by the VAR in equation (1) for
which we choose 4 lags. For the 36 parameters in A(L), we use a standard Minnesota prior
with the hyperparameter governing the overall tightness equal to 0.2, and the ones for the cross-
variable tightness and lag length decay equal to 1. The prior for the matrices in equation (2)
that decompose the covariance matrix Y ; is centered at the OLS estimates of the corresponding
VAR with constant volatility. In particular, we assume an Inverse-Wishart distribution with 5
degrees of freedom and we consider the implied distributions for each coefficient. Finally, the
variances of the shocks to the stochastic volatilities have an Inverse-Gamma prior with mean

0.022 and 5 degrees of freedom.

3Data are from the FRED database available at: https://fred.stlouisfed.org .
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Table 1: PRIOR AND POSTERIOR DISTRIBUTIONS: PARAMETERS IN THE LONG-RUN COM-
PONENT OF THE TIME SERIES MODEL

Prior Posterior
Parameter Density Mean Standard Deviation | Model L. ~ Model PWL
k1 Normal 0 0.75 —0.26 0.08
[-0.71 0.16] [~0.28 0.44]
ko Normal 0 0.75 —0.98
[-1.27 —0.69]
T Normal 4 0.5 3.84
[3.51 4.17]
c Normal 4 0.75 4.33 3.95
[3.95 4.72] [3.74 4.17]
Density Mean Degrees of freedom
o2 Inverse Gamma  0.22 10 0.172 0.322
[0.152 0.192] [0.292 0.362]
03 Inverse Gamma  0.252 12 0.62 0.552
[0.552 0.672] [0.52 0.612]
ol Inverse Gamma  0.01° 12 0.012? 0.0112
[0.012 0.0142]  [0.012 0.0132]
o? Inverse Gamma  0.152 10 0.232 0.112
[0.22 0.262] [0.12 0.132]

We report the posterior median and the 90% probability interval in brackets

2.3.2 Results

We estimate two specifications of our model: the linear case (Model L) in which we assume
that the slope of the long-run Phillips curve is constant, and the piecewise linear case (Model
PWL) where we allow for two different slopes, as extensively explained in the previous Section.*
Table 1 reports the median and the 90% credibility interval of the posterior estimates for the
parameters of the long-run components. We discuss two main results. First, our evidence
suggests that the long-run Phillips curve is not vertical, but it is non-linear and negatively
sloped. Second, the costs associated with higher long-run inflation were quite sizeable during

the Great Inflation period. Hence, trend inflation is an important determinant of potential

output.

The long-run Phillips curve is non-linear and negatively sloped

Considering the linear specification, the estimates of Model L are in line with the results in the
existing literature, in particular with Benati (2015), providing no evidence against a vertical
long-run Phillips curve. The posterior distribution of the slope parameter ki is concentrated

around zero with a negative median.

YWe employ 200, 000 particles for each time iteration of our particle filter, for both Model L and Model PWL.

17



E f=
.5 —
4 f=
2 —
1960 1970 1980 1990 2000
ki
1.5 + A
S e LR R Median Estimate
1.0 ~f ‘l — — — 90% probability interval
0.5
0.0
_0_5 =
£
-1.0 L - l"IU!'_-‘\-.,\ ==
T -
1960 1970 1980 1990 2000

Figure 2: Online inference of the slope k; - Linear model.

Estimating the parameters of the model through particle filtering allows us to check how the
parameters’ estimates evolve over the sample, depending on the available information. Figure 2
shows sequential inference for the slope coefficient k1 of Model L. As a reference, we report the
time series of annualized inflation in the top panel. While at the very beginning of the sample the
median estimate moves more toward the positive side, when inflation starts fluctuating around
4% during the Seventies, then the posterior estimate of k1 concentrates its mass more toward
negative values. If we were to stop our estimation in the mid-1980s, we would get evidence of a
negative relation between inflation and output in the long run. However, the evidence in favour
of a non-vertical LRPC disappears when adding additional information. In particular, once we
also include the Great Moderation in the sample, the estimate of k; moves back to zero.

This result suggests that there is specific informational content on the slope of the LRPC in
different subsamples. In particular, when inflation is persistently high during the Great Inflation
period, then the model captures a negative correlation between the long-run components of
output and inflation. As stressed by Benati (2015), since this is the period in which inflation
clearly exhibits a unit root, the relevant information for the identification of the slope of the
LRPC comes from this sample. We deal with this identification problem allowing for non-
linearity in Model PWL.

When we allow for the slope of the long-run Phillips curve to change, the estimation prefers
to use this feature to interpret the data. While the estimate of k; remains around zero, the
posterior distribution of ks has a median of —0.98 and the 90% probability interval lies entirely
on the negative side. Note that the piecewise linear specification admits the linear model as

a particular case. However, the estimation rejects this option as evident from Figure 3, which
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Figure 3: Estimates of the slopes of the long-run Phillips curve - Piecewise linear model.

compares the prior and the posterior distributions of the slopes k1 and ko for Model PWL.

Then, the first important result of our analysis is that the long-run Phillips curve is non-
linear and negatively sloped. In our model the negative effects on output materialize when trend
inflation is above the threshold value 7, estimated to be slightly lower than 4%, above which
every percentage point increase in trend inflation is related to about 1% decrease in potential
output per year.

It is informative to look at the sequential inference about the slopes of the LRPC in the
non-linear model just as we did for the linear case. Figure 4 shows how the median and the 90%
probability interval of the posterior distribution of the k’s evolve recursively over the sample.
In the first panel, we plot the (annualized) inflation and as well as the posterior probability
interval of 7 (dotted lines). The pattern of the posterior distribution of k; initially resembles
the one in the linear model: it becomes slightly positive until the beginning of the Seventies
when it reverts back toward zero. However, it does not move to the negative side. The model
now has the option to let ks to capture the negative correlation between output and inflation.
The persistent high inflation during this period makes trend inflation overcome the threshold
and ks is confidently estimated to be negative. Figure 4 makes it clear why non-linearity is
important to find evidence in favour of a non-vertical (and negatively sloped) LRPC.

Figure 5 shows the estimated long-run Phillips curve by plotting the deviation of potential
output from its zero trend inflation counterfactual as a function of trend inflation. The 90%
probability interval reflects the uncertainty around the parameters estimates. The LRPC is
vertical when trend inflation is below the threshold 7 and negatively sloped above. Note that
the uncertainty around k; makes our results consistent both with models in which there is a

positive optimal level of trend inflation (see Adam and Weber, 2019; Abbritti et al., 2021) and
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Figure 4: Online inference of the slopes k1 and ko - Piecewise linear model.
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Figure 5: Long-run Phillips curve estimated through the piecewise linear model: median (con-
tinuous line) and 90% probability interval (dashed lines).

with frameworks in which the best value for trend inflation is zero.

Finally, it is important to stress that we interpret our piecewise linear model as an approx-
imation to an underlying non-linear relation as the one we estimate in Section 3. This means
that the value of the estimated threshold, while giving an important indication, does not have
to be taken literally: trend inflation can imply potential output losses even below 7, as clear

from the figure.

The long-run output gap
While under a vertical long-run Phillips curve g; is exactly equal to y; in (5), our estimates
suggest that when trend inflation is above the threshold 7, potential output g, is different from
yf, i.e., the potential output under zero trend inflation. We call this difference the long-run
output gap (see also the discussion at the end of Section 3.5). The estimates allow us to quantify
the long-run output gap in our sample and to answer the following question: how much was the
loss in potential output due to high trend inflation in the U.S. data?

Our estimate of trend inflation is reported in Figure 6. During the Great Inflation period
the median reaches almost 7.5%, which induces substantial losses in potential output as shown
in Figure 7. During the Great Inflation, the median of the output cost associated with the long-

run Phillips curve had been on average about 2% per year and the maximum reached almost
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Figure 6: Inflation and trend inflation - Piecewise linear model.

3%.'° This finding suggests that the non-linearity in the LRPC has important implications also
for the measurement of the business cycle as the costs associated with higher trend inflation

result in a decline in potential output. We discuss this point in further details below.

Business cycle measurement: implications for the short-run output gap

A negatively-sloped LRPC has important consequences for the measurement of business cycles.
We find that assuming a vertical LRPC, that is imposing the absence of a relation between
output and inflation in the long-run, leads to estimates of the short-run output gap with larger
fluctuations. In particular, during the Great Inflation period, these traditional estimates of the
short-run output gap tend to overstate the negative development of the business cycle.

First, we estimate a version of Model L presented in Section 2 but now we impose k; = 0,
that is a vertical LRPC, rather than estimating k; as in Table 1. The posterior estimates of
the parameters of the long-run component are reported in the first column of Table 2. The
variance of the shocks to the level of potential output is much smaller than before and more in
line with the prior: when we impose a vertical LRPC, the variation in the observed GDP are
attributed relatively more to the cyclical component, so the latter displays large and persistent
fluctuations.

In the first panel of Figure 8 we show the estimate of the output gap obtained through this
model, and we compare it with the corresponding CBO measure: the inference is extremely
similar. Let’s stress again that by assumption we are offsetting the role of the long-run output
gap which is calibrated to be zero.

We now relax this assumption by estimating a piecewise linear version of this model in

5Both trend inflation and the long run output gap are smoothed estimates obtained using the method by
Godsill et al. (2004).
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Figure 7: Long-run output gap estimated through the piecewise linear model.

Table 2: PARAMETERS IN THE LONG-RUN COMPONENT OF THE TIME SERIES MODEL
CASE WITH k; = 0

Posterior
Model L Model PWL
ko —1.41
[~1.68 —1.14]
T 3.44
[3.28 3.61]
c 2.41 4.0
[2.06 2.75] [3.73 4.28]
o2 0.32 0.282
[0.272 0.342] [0.262 0.312]
o; 0.257 0.53?
[0.222 0.282] [0.482 0.582]
o | 0.009° 0.0082
[0.0082 0.0112] [0.0072 0.0092]
o? 0.152 0.142
[0.132 0.162] [0.132 0.162]

We report the posterior median and the 90% probability interval in brackets

23



Output gap estimates

5.0
25 . »
1 1 N
_____;_ML-__'__ ____J_._ﬂ _______ ——————rF ':_ __FT_
0.0 | . . LM L T .
[ I | 'l. Vo \ \
=25 [NV ] q ~ b AN -~
y W .
so ! |/
L —-—-- Model L (kx=0)
-5 W CBO
1960 1970 1980 1990 2000

-7.5 F Model L (ki=0)
I" Model PWL (ki=0)
1960 1970 1980 1990 2000

Figure 8: Comparison between short-run output gap estimates.

which we still calibrate k1 = 0, but we allow for k2 to be different from zero (we use the same
Gaussian prior as before). Calibrating k; makes this model directly comparable to the linear
version we just described which is a nested case. The posterior estimates are reported in the
second column of Table 2. The first result to highlight is that ko is confidently estimated to
be negative: the data rejects the assumption of a vertical LRPC. The inference on the other
parameters (and in particular the variance of the shock to potential output) is much more in
line with our previous estimates, and this version points to an even stronger relation between
trend inflation and potential output.

The second panel of Figure 8 plots the measures of the short-run output gap estimated by the
two versions of our VAR. Model PWL estimates smaller and less persistent fluctuations of the
business cycle while attributing an important role to potential output. In particular, there are
two differences with respect to the inference produced by Model L. First, the posterior assigns a
bigger role to shocks to the level of potential output (05 is more than double for Model PWL).
Second, part of the decline in the level of GDP during the Great Inflation period is attributed
to potential output rather than to the cyclical component: the long-run output gap is negative,

because of the negative correlation between potential output and trend inflation.
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3 A structural approach

We work with a GNK model with time-varying trend inflation. As in the reduced-form model,
the variables are decomposed into short-run and long-run components, and we estimate the
two components together with the parameters of the model. The aim is to get a model-based
measure of trend inflation, of potential output, and a LRPC. We estimate the model using
a particle filtering (and SMC) strategy analogous to the one used to estimate the time VAR

described in the previous section.

3.1 The model

The artificial economy is a variant of the Generalized New Keynesian (GNK) model in Ascari
and Sbordone (2014). The model consists of a representative household, a representative final-
good firm, a continuum of intermediate-good firms, and a central bank. The model is very
standard, so here we describe the main features, while Appendix B contains the details. The
novelty comes from the assumption of a time-varying trend inflation. Hence, we need to take
particular care of how we log-linearize the model around a time-varying steady state.

The representative agent maximises the following expected utility function where preferences

are additively separable in individual consumption of final goods, Cy, and labor, N; :

o0 1+<p
. N,
B fds 1n(ct—hct,1) _d"13rs0] 0<fB<1l,dy>0 0>0,0<h<1, (31)
t=0

where, C} is aggregate consumption, Fy represents the expectations operator, the term ¢ is the
inverse of the Frisch labor supply elasticity, d,, governs the steady state disutility of work, and
h is the degree of (external) habit persistence in consumption. The term d; stands for a shock

to the discount factor, 5, which follows the stationary autoregressive process:
Ind; = (1 — pg)d+ palndi—1 + 0d,t€d,t (32)

where €g¢ is i.i.d N(0,1) and o4; denotes time-varying standard deviation of the preference

shock. The period budget constraint is given by:
P.Cy + R 'By = WyN;, — Ty + Dy + By, (33)

where P, is the price level, R; is the gross nominal interest rate on bonds, B; is one-period bond

holdings, W; is the nominal wage rate, T; is lump sum taxes, and Dy is the profit income.
Firms come in two forms. Final-good firms produce output for consumption. This output is

made from the range of differentiated goods that are supplied by intermediate-good firms who

have market power. Each intermediate-good firm ¢ produces a differentiated good Y;; under
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monopolistic competition using the production function Y;; = AtNilt_ “. Here A; denotes the
level of aggregate technology that is non-stationary and its growth rate g, = A;/A;—1 follows
the process:

Ings =Ing+ 0y€44, (34)

where g is the steady-state gross rate of technological progress which is also equal to the steady-
state balanced growth rate, €44 is ai.i.d. N(0,1) and o4 is the time-varying standard deviation
of the technology shock. Intermediate-good producers are subject to nominal rigidities in the
form of Calvo (1983) with partial indexation. Hence, they face a constant probability, 0 <
(1 —6) < 1, of being able to adjust their price and the price of a firm that cannot change the
price is automatically indexed to past-inflation with a degree y.

The central bank monetary policy follows a Taylor rule featuring inertia and responding to
the inflation gap, the output gap and output growth. The inflation gap is the deviation of the
inflation rate from time-varying trend inflation, i.e., 7y, which represents the central’s banks

(time-varying) inflation target and follows a unit root process:
lnﬁt = lnftq + O7 € ts (35)

where ez, is i.i.d. N(0,1) and oz denotes time-varying standard deviation of the inflation
target shock. The output gap is the deviation of the level of output from the natural level of
output, i.e., the flexible prices output level. We assume a monetary policy shock €, ; is an i.i.d.
N(0,1) monetary policy shock with time-varying standard deviation oy ;.

Following Justiniano and Primiceri (2008), we allow for stochastic volatility by assuming

that each element of o; evolves independently according to the following stochastic process:
Inojy =Inoit—1 + viy vit ~N (0, 512) . (36)

3.2 The state-space form

Note that the steady state of the system is stochastically changing because it is characterized by
time-varying trend inflation, 7y, and also because of stochastic (unit-root) technology process.
As a result, we first de-trend the real variables of the model to remove the trend in technology
and then log-linearize the resulting non-linear model around a drifting steady state.'® Here,
we describe heuristically the state-space form for the estimation, composed of the following

elements.

16The Technical Appendix B presents the non-linear equations of the model, its steady state and details on
the log-linearization around the time-varying steady state. As in Cogley and Sbordone (2008), the steady state
of the model is time-varying because of drifts in trend inflation. As such, care must be taken when log-linearizing
the model. As in Cogley and Sbordone (2008) - see footnote 5 therein - we assume ‘anticipated utility’ following
Kreps (1998).
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1. A set of equations that define the detrended variables (vector Z;) as deviations from steady

state Zt = ZtZt/Zt = 7752,5. In IOgSI In Zt = 1117,5 + Z\t, where Z\t =In Zt.
2. A law of motion for Ty: T = Ty—1 exp(oz t€xt)-

3. A set of equations that define the steady state of the variables as a function of 7;: Z; =

F(Ty, T—1).

We can then write the usual system for the dynamics of log-linearized variables in canonical

form, but now the system will have time-varying parameters as they are functions of 7y:
Lo(7) 2 = T1(7e) Z—r + U(Fe)er + (T ), (37)

where g; is a vector of exogenous disturbances and 7, is a vector of one-step ahead forecast
errors. Hence for any given value of 7; (and for a given realization of stochastic volatility),
the system (37) is conditionally linear and can be solved with standard methods (see Appendix
B.4).

At each time ¢, we observe a vector of data denoted by y;. Then, the solution of model (37)

has the following state-space representation:

y = o+ FZ (38)

Zy = cop+ Mz,tZt—l + M, &4 et ~ N(0,%:)

where Y. ; is a diagonal matrix with o;; of time-varying standard deviations on the main
diagonal. Note that the terms that appear in the state equations, co ¢, M. ;, M.+, depend on ¢

due to time-varying trend inflation.

3.3 Econometric strategy

We follow a Bayesian approach to make inference regarding the parameters and the latent
processes of the DSGE model. The presence of time-varying trend inflation as well as stochastic
volatility leads to a non-Gaussian and analytically intractable likelihood function. We use the
same particle filtering strategy as for the time-series model to directly approximate the joint
posterior distribution of both the parameters and the latent state variables. In the context of
DSGE models this approach has been use by Chen et al. (2010) and Ascari et al. (2019).
Recently, sequential Monte Carlo (SMC) methods are becoming more popular. The main
idea is to get an approximation of a complicated posterior through the sequential approximation
of simpler distributions. Two approaches have been proposed for DSGE models: (i) a likelihood
tempering scheme (Herbst and Schorfheide, 2014) in which the simpler sequential distributions

are obtained by tempering the likelihood function; (ii) a filtering scheme in which the intermedi-
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ate distributions are obtained by sequentially adding observations to the likelihood function.'”

In this paper we opt for the second approach.

As in Ascari et al. (2019) we can get higher efficiency through Rao-Blackwellization: con-
ditional on 7; and the realization of stochastic volatility o;, the state space (38) is linear and
Gaussian. This implies that, given a set of particles for 7; and o;;, both the predictive like-
lihood and the full conditional distribution of the other latent states are analytically available
through the standard Kalman filter recursion.

The parameters are divided into two sets: one with the variances of the disturbance to
the stochastic volatility processes, and one with all the other structural parameters. For the
former, we assume Inverse-Gamma priors, allowing us to characterize the posterior distribution
analytically using sufficient statistics computed as functions of the data and the latent processes
of the model. We make inference on these parameters using the particle learning approach
(Carvalho et al., 2010). We approximate the posterior distribution of all the other parameters
through mixtures of Normal distributions, following Liu and West (2001).'®

3.4 Data, calibration and prior distributions

We estimate the model using the same U.S. data as in the time-series analysis: per capita real
GDP growth rate, (annualized) quarterly growth rate of the GDP deflator and the Federal
Funds rate, over the period 1960Q1 — 2008Q)2.

As customary when taking DSGE models to the data, we calibrate a small number of
parameters. In particular, we set the discount factor 8 to 0.997, the steady state markup to 10
per cent (i.e. € = 11), the inverse of the labor supply elasticity ¢ to 1, the quarterly net steady
state output growth rate g to 0.5, and the degree of decreasing returns to scale a to 0.3. In light
of the result of Cogley and Sbordone (2008) regarding the lack of support for intrinsic inertia
in the GNK Phillips curve, the model is estimated without backward-looking price indexation,
i.e. x = 0. The remaining parametes are estimated. Table 3 summarizes the specification of
the prior distributions. The prior for the inflation coefficient ¢, follows a Gamma distribution
centered at 1.50 with a standard deviation of 0.50 while the response coefficient to the output
gap and output growth are centered at 0.125 with standard deviation 0.10. We employ a Beta
distributions with mean 0.70 for the interest rate smoothing parameter p and the persistence of
the discount factor shock pg, while the Calvo probability 8, and habit persistence in consumption
h are centered around 0.50. The steady state real interest rate follows a Gamma distribution
centered at 2. For the variances of the shocks to the volatilities 5?, we assume an Inverse Gamma

distribution with mean equal to 0.02 and 5 degrees of freedom. Our estimation assumes a unique

17See also Creal (2007) and Herbst and Schorfheide (2016).
8For a more detailed description of the SMC algorithm, we refer to the online appendix of Ascari et al. (2019).
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Table 3: Prior and Posterior Distributions

Parameter Prior Posterior
Density Mean St Dev
- Gamma, 1.5 0.5 2.18
[1.9 2.49]
Py Gamma, 0.125 0.05 0.12
[0.1 0.16]
G 0.125 0.05 0.2
Vay amma [0.14 0.28]
0 Beta 0.7 0.1 0.73
[0.7 0.76]
h Beta 0.5 0.1 0.34
[0.29 0.39]
r* Gamma 2 0.5 1.67
[1.36 2.04]
0 Beta 0.5 0.1 0.5
[0.47 0.53]
0d Beta 0.7 0.1 0.8
[0.82 0.88]
Density Mean Degrees of freedom
(53 Inverse Gamma 0.022 5 0.0292
[0.0262 0.0342]
5; Inverse Gamma 0.022 5 .0512
[0.0442 0.0572]
52 Inverse Gamma 0.022 5 .066>
[0.0442 0.0742]
52 Inverse Gamma 0.022 5 0.0142

[0.0132 0.0182]

Posterior median and 90% credibility interval in brackets
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rational expectations equilibrium, i.e. we do not allow for indeterminacy.'”

3.5 Estimation results

Table 3 reports the posterior medians and the 90% posterior density intervals based on one
million particles from the final stage in the SMC algorithm. The Taylor rule’s response to the
inflation gap is strongly active as the estimated response lies mostly above 2. We also find a
moderate response to the output gap and a strong response to output growth along with high
degree of interest rate smoothing. The degree of habit formation is somewhat low and close to
0.3. The posterior mean for the degree of price stickiness 6 turns out to be around 0.5, which is
smaller than the estimates reported in Smets and Wouters (2007) and Justiniano et al. (2010)
and implies an expected price duration of six months.

Figure 9 plots the model-implied evolution of trend inflation along with the 90% posterior
density interval and the actual GDP deflator inflation rate. Trend inflation began rising in the
mid-1960s and jumped higher in the aftermath of the 1973 oil crisis.? Subsequently, it dropped
remarkably during the Volcker-disinflation period and somewhat settled around 2% since the
mid-1990s. Overall, visual inspection suggests that the estimated trend inflation is similar to
others in the literature (e.g., Ireland, 2007; Cogley and Sbordone, 2008; Cogley et al., 2010b;
Ascari and Sbordone, 2014, among others). Moreover, it is also very similar to the estimate of
trend inflation from the reduced piecewise linear model in Figure 6.

To the best of our knowledge, we are the first ones to estimate a DSGE model with time-
varying steady state or trend inflation using full-system Bayesian estimation. Most papers in
the literature either assume that steady state inflation is fixed (mostly at zero). One exception
is Cogley and Sbordone (2008) who derive a generalized NKPC (GNKPC) with time-varying
trend inflation and document that inflation persistence results mainly from variation in the
long-run trend component of inflation and that a purely forward-looking GNKPC fits the data
quite well.

Figure 10 shows the estimated pattern of the time-varying standard deviations of the differ-
ent shocks. Despite the fact that we work with a much smaller model with respect to Justiniano
and Primiceri (2008), the main conclusions remain very similar. First, the model accounts for

the reduction in the volatility of U.S. macroeconomic variables, dubbed the Great Modera-

19This stands in contrast to the evidence on passive monetary policy in the pre-Volcker period proposed by,
among others, Clarida et al. (2000) and Lubik and Schorfheide (2004), that eventually led to non-fundamental
sunspot fluctuations, which these authors argued to be one of the drivers of the Great Inflation. Nevertheless,
Justiniano and Primiceri (2008) find that a model with active monetary policy and stochastic volatility fits the
post-war U.S. data better than one with indeterminacy. In addition, Haque (2020) in an estimated NK model
with exogenous time-varying inflation target finds that the evidence for indetermincay in the Great Inflation
period dissapears once the model allows for time variation in the Federal Reserve’s inflation target.

20The upward trend in inflation in the 1970s may be interpreted as “[...] a systematic tendency for Federal
Reserve policy to translate the short-run price pressures set off by adverse supply shocks into more persistent
movements in the inflation rate itself - part of an effort by policymakers to avoid at least some of the contractionary
impact those shocks would otherwise have had on the real economy.” (Ireland, 2007, p. 1853)
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Figure 9: Inflation and trend inflation - GNK model.

tion, due to a substantial decrease in the volatility of exogenous disturbances. The pattern of
stochastic volatility of monetary policy shocks is remarkably similar to that in Justiniano and
Primiceri (2008) - our estimates capture the Volcker disinflation episode as well as the reduction
in the volatility of monetary policy shocks during the Greenspan period. Other shocks also ex-
hibit fluctuations in their standard deviations. The standard deviation of the technology shock
exhibits an inverted-U shaped pattern, which is consistent with the observed reduction in the
volatility of GDP during the Great Moderation period. The volatility of preference shocks have
also declined since the 1980s, possibly capturing the role that technological progress or financial
innovations may have played in easing households’ consumption smoothing. As in Cogley et al.
(2010a), we find an increase in the volatility of trend inflation shocks during the Great Inflation
period and a subsequent decline in the post-Volcker period, although there is higher uncertainty
around the estimates.

Finally, Figure 11 plots the estimated LRPC from the structural model, expressed as per-
centage deviations from the zero inflation steady state, and compares it with the corresponding
estimate coming from the BVAR. The structural model is able to capture the negative long-run
empirical relationship between output and inflation as observed in the data, both qualitatively
and quantitatively. The estimated GNK LRPC and its 90% probability interval lies entirely
within the 90% probability interval of the BVAR non-structural estimated LRPC. The LRPC is
non-linear and downward sloping. There is a flat part of the curve for low level of trend inflation,
but for trend inflation levels roughly above 3 — 4% the slope increases sharply in absolute value
with trend inflation. In terms of output losses, going from 2% to 4% inflation target causes an
output loss of roughly about 0.65% per year. The effect is highly non linear such that a 5% and
a 6% inflation target would imply an output loss (relative to 2% target) of roughly 1.2% and
2% per year, respectively.
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Figure 10: Stochastic volatility of the structural shocks

As well-known in the literature, the negative steady state relationship between inflation and
output in the GNK model is due to the negative effect of higher price dispersion on aggregate
output. Higher trend inflation increases price dispersion by causing a greater difference between
the price set by the resetting firms and the average price level. Higher price dispersion works
like a negative aggregate productivity shock, as it increases the amount of input required to
produce a given level of output, which in turn translates into an output loss. Therefore, long-run
superneutrality breaks down and a negative long run relationship emerges between inflation and
output (see Ascari, 2004; Yun, 2005), in both the estimated BVAR and the structural DSGE
model.

As for the BVAR, a time-varying trend inflation generates a long-run wedge alongside the
usual short-run wedge for the variables in the model. In the standard NK model the output
gap (i.e., short-run wedge) is usually defined as deviation of output from its flexible price

counterpart:
S {

Y; = v in logs — Ut =y — Yy (39)
t

Normally, the steady states of the sticky prices NK model and the one of its flexible price
counterpart are the same because of the assumption of a vertical LRPC, obtained by assuming

either zero inflation in steady state or full indexation of reset prices to some combination of
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past inflation and trend inflation. In this case, (39) could also be written as:?!

- Y2 Y,
V==L

=3 v in logs — Ut =0t — Ut (40)

where the “hat” on the variables indicates log-deviations from the trend level, i.e., the steady
state output level of the NK model and of the flexible price model. According to the GNK
model, instead, the trend Y; for the sticky price model is different from the trend of the flexible
price model, Y;*. The latter does not depend on trend inflation, because flexible prices implies a
vertical LRPC. Instead, trend inflation affects the long-run level of output under sticky prices.??
The model then implies another wedge with respect to the flexible model counterpart: a long-
run output gap arises from comparing the long-run behavior of the flexible price and sticky price
models. One possibly useful decomposition is:
S _ Y, _ Y Y

YV, = L — 2ttt in 1 - = A = _on _ gSR | sLR 41
S A R in logs =0 +y — 9 =37 + Uy (41)

The output gap is divided into a short-run and a long-run component. The long-run component
is the log-deviation between the GNK-output trend (Y;) and the flexible price output trend
(Y*). As before in (40), the short-run component is the difference in the log-deviations of
current output from its trend (;) and the flexible price output and its trend (Y;"), that is
7" = 9 — 9. Assuming a flat (or vertical) LRPC then /% = 0 and ¢ = §7%. However, in
the GNK model §/% # 0 because Y; # Y.

Figure 12 plots the estimated long-run output gap implied by the GNK model and compares
it to the one from the BVAR. The two estimates are very similar suggesting that the two models

measure the actual costs of higher trend inflation in a consistent way.??

4 Conclusion

The relationship between inflation and economic activity in the long-run is of paramount impor-
tance for monetary policymaking as most central banks perceive price stability as the basis for
long-term economic growth. However, there is substantial uncertainty surrounding the current
estimates in the literature, such that a practitioner/researcher holding alternative views about

what a reasonable slope of the LRPC might be will most likely not see her/his views falsified

21The level of steady state output Y; can be time varying if there is technological growth (either deterministic
or stochastic) as in our model. In solving the model, variables are stationarized so that the steady state level in
stationarized variables is constant along a balanced growth path.

22This notion of a flexible price equilibrium complicates the analysis with respect to a non-structural one where
one has just potential output as an unobservable to filter out. The somewhat “normative” notion of comparing
the model with the flexible counterpart introduces other two non-observable variables: the flexible price output,
Y;" and the flexible price trend output level, Y.

23The slight differences might be due to the different information set: the GNK long-run output gap is
computed through the filtered estimate of trend inflation since the smoothed distribution is computationally very
hard to obtain for the structural model.
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Figure 12: Comparison between long-run output gap estimates: VAR (blue) and GNK (black).

(see Benati, 2015). This paper aims to develop an empirical methodology which is tailored to
the purpose of providing more precise estimates of the LRPC.

We develop a vector autoregression (VAR) framework with stochastic trends, and provide
a sophisticated trend-cycle decomposition of the data. A key methodological contribution is to
generalize this VAR-based trend-cycle decomposition to a piecewise linear model and show that
both the likelihood function and the posterior distribution of the latent state variables can be
derived analytically. While the non-linear approach is necessary to identify a threshold value
of trend inflation that tilts the long-run relationship, it also captures changes in the nature of
inflation persistence over the post-war period, which is important for the identification of the
LRPC. Another important advantage of the framework, relative to existing studies, is that it
allows for simultaneous estimation of both the short-run business cycle and the long-run trend
components, such that the estimated LRPC is also consistent with the cyclical properties of the
data.

Our results show that inflation and output in the U.S. are negatively related in the long-
run. The threshold level of inflation is slightly lower than 4%, above which every percentage
point increase in trend inflation is related to about 1% decrease in potential output per year.
Using our estimated model, we document that the long-run output gap, which captures the
deviation of potential output under positive trend inflation from its counterfactual level under
zero trend inflation, has been on average about negative 2% per year during the Great Inflation.
We further show that neglecting this long-run relationship between inflation and output leads
to more negative short-run output gap estimates in periods of high inflation, particularly the
Great Inflation, thereby overstating the cyclical component of output fluctuations. Finally,

a New Keynesian model generalized to admit time-varying trend inflation and estimated via
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particle filtering provides theoretical foundations to this reduced-form evidence coming from
the BVAR. We show that the structural long-run Phillips Curve implied by the estimated New
Keynesian model is not statistically different from the one implied by the reduced-form piecewise

linear BVAR model.
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A Appendix: The piecewise linear Bayesian VAR

A.1 The time varying equilibrium VAR

Indicate with X; a n x 1 vector of obsgrved variables at time ¢t and with X; the long-run
component of X;. The deviations (X; — X;) are described by the following stable VAR:

Xy — Xy = A1 (Xem1 — Xpo1) + As(Xpo — Xpo) +  Ap(Xyp — Xip) + & (A1)

with ¢ ~ N (0,%, ;). We assume that the reduce form shocks ¢; have stochastic volatility:

Yer = B71Sy(B7LS,) (A2)
where
st O 0
Se=| 0 sy 0 (A3)
0 0 s3¢
and
1 0 O
B=1|8n 1 0 (A4)
P31 Pa2 1

Collect the elements in the main diagonal of S; in the vector s;. We follow the well established
literature assuming:
logs; =logsi-1+v 1y~ N(0,%,) (AD)

and we restrict X, to be diagonal.
The long-run component X; depends on a (g x 1) vector of latent variables 6;:
X, = Dy + H6, (A6)
and we assume that 6; has the following dynamics
0r = My + Gyf,—1 + Py, (A7)

with e ~ N (0, 277»75)'

The first element of the latent vector 6, is trend inflation 7;, and the matrices in equations
(A6) and (A7) depend on it. In particular, at each time ¢, conditioning on 7;—; we have two
possibilities depending on trend inflation at time t:

(Dt,Ht,Mt,Gt,pt) _ (Dl,t)Hl,tyMl,ta Gl,t,Pl,t) itm <7 (A8)

(Do, Hop, Moy, Goy, Pay) if @ >

where 7 is a threshold value. The subscript 1, ¢ and 2, ¢ indicate that the two groups of matrices
do not have to be the same at each time ¢: the important assumption is that we always have a
finite number of options (in our case two), so the model is piecewise linear.
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A.2 Inference on the latent states 6,
A.2.1 The state space form
Define Y; = Xy — A1 X1 — A2 X9 — ...A, X;—, and substitute equation (A6) in (A1) to get:

Y; :Dt — AlDt—l - AQDt_Q... — Ath_p—i-

Hi0; — A1Hy _10;_1 — Ao Hy 9049 — ... — Ath_th_p + €. (AQ)
!/
Define the latent vector ¥; = ( 0, 0,_, - 0_, ) . Using equations (A7) and (A9) we
can define the state space representation of our model:
Yi = Dy + Fydy + & (A10)
U = My + Gydy1 + Py (A11)

The system can be written more explicitly as:

04
gx1
011
Z A; Dy | + < Hy —-AiH 1 -+ —AyHi,y > ax1 |+ ¢ (Al12)
n><1 n><1 nXxXn nx1 nxq nXn nxq nxXn nxq : nx1
Or—p
gx1
and
9,5 Mt Gt 0 e 0 Qtfl Pt
gx1 gx1 gxq 4%4q qxq gx1 gxh
011 0 I 0 - 0 012 0
axl [ = gx1 | 4+ | axa axq axq gx1 + | axh | (A13)
. . . . . . . hx1
Or—p 0 o --- I O Or—p—1 0
gx1 qx1 gxq gxq gxq gx1 axh

Note that the state space is non-linear due to the dependency of the matrices of the state space
form on one of the elements of ;, and to the presence of stochastic volatility. It is important
to distinguish these two sources of non linearity: conditionally on the volatility processes, the
model is piecewise linear and we present a fully adapted particle filter to estimate this class of
models.

A.2.2 A fully adapted particle filter for ¢

We derive the full conditional posterior distribution of the latent vector ¥; given all the param-
eters and the stochastic volatilities.
We tackle the curse of dimensionality described in the main text with a particle filtering

strategy. Assume that at time t — 1 we have a set of N particles {19( Y } that approximate
K3

=1
N
p(%—1|Y1.4-1), and we want to get an analogous set of particles {1952) . to approximate
1=
p (9¢]Y1.t). We use the following fully adapted particle filter:
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Fully Adapted Particle Filter

YN
At t—1: {19]52_)1}‘71 approximate p(Ui—1|Y1:4-1)

1) RESAMPLE
a) Compute w,ﬁ” xp (Ke\bqu_)pyu—l)

b) Resample {ﬂg?l}Nl using {u?t(z)}N and get {191(52_)1}]\[

= =1

2) PROPAGATE
Draw 1951) ~Dp (ﬁtlﬁﬁ)l, Yl:t)

In order to implement the filter we need to find two distributions: the predictive density
P (Yt|19§1_)1,Y1;t_1> for the resample step, and the posterior density p (ﬁt|19£z_)1,Y1;t) for the
propagation step.

The predictive density p (thf_)l, YLH)
Given that our model is piece-wise linear, we write the predictive density as the sum of the two
pieces:
p (V9 Yiur) = p (Vilme < 700 Vi) Pr(7 < 7192, Vi )
o (Yilm > 702, Vi) Pr (7> 1020 Ve ) (AL4)
The two addends on the left hand side of equation (A14) are analogous, so we concentrate on

the first one, and a similar reasoning applies to the other one.
Start partitioning the latent vector as:

Mt

OF

V¢ =

We are going to proceed in two steps: first consider the distribution:

b (}/tv,ﬂfh?t S T, 79,@1,)/1:75—1) :/

s

D (Yt,ﬂf,ﬁtlﬁg?l,iﬁ:t-l) dmy (A15)
t<T

that is a Unified Skew Normal (SUN) density, as defined by Arellano-Valle and Azzalini (2006).
In order to derive it we start from the joint distribution of (,Y;) under the assumption of a
linear model: we set the matrices of the state space form equal to (D1,t, Hyg, ]\7[17t, Gljt, Pl,t)
independently from trend inflation, and we subsequently apply the truncation on 7. In case of
linear and unrestricted model we have:

Uy
Y;

~ N (at,Rt) (A16)
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where:

M Gy ,
a = b + [ e, (A7)
l+nx1 Dt +FtMt Fth Ix1
nx1 nx1 nxl
and
P 0 s, 0 P! P!F
R, = Ixh  Ixn hxh NXT hxl  hxn (A18)
I+nxl+n EP, I 0 Y. 0 I
nxh XN nxh nxn nxl nxn

Now consider that m; is restricted below 7: the truncation of the first element below the
threshold makes the distribution of the remaining elements a Unified Skew Normal:

(92, ilm < 7,98, Vi1 ) ~ SUN (&7 = 711, Ry) (A19)

where & is the (I +n — 1 x 1) vector that contains all the elements in a; except the first one.
The next step is to find the marginal distribution of <Yt|7_rt <, 19?_)1,1/1:,5,1). From the

properties of the SUN we know that the marginal distribution is still a SUN. In particular,
make the following partitions:

r A’ Ay 1t
R, = Ix1 Ixi+n—1 : A= | =], g = | -1t
I+n—1x1 l+n—1xi+n—1 nAx% §§’i
and define:
o [T
Ay Qo

where Q99 is the n x n lower block of Q. We have that:
(Yt\ﬁt <, ﬁgi_)laylzt71> ~ SUN (§o1, 7 — T4—1,9Q%), (A20)

or, in explicit form:

D (7571 + AYQ50 (Y — o), T — AL AY)
® (1571, T)

p (Yilm < 70, Yier) = 6n (Vi €ar, o)
(A21)
where the denominator of the right hand side of equation (A21) is equal to Pr (ﬁt < T’ﬁgi_)l, Y1;t—1> .
Then, the first addend in equation (A14) is:
p (Yilm <700, Yigo ) Pr (7 < 719, Vi ) =

b (Y oty Qa2) @ (73—t + AL (Vi — &) , T — ALQ5Ay)
(A22)

The second addend of (A14) can be derived with an analogous procedure.
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The posterior distribution p (ﬁtwgi_)l,Yl;t>

Also the posterior distribution can be written as the sum of two pieces:
p (ﬁt\ﬁf_)l,YLt) =p (79t’7?t <, 19,@17 Yl:t) Pr (ﬁt < 7'\19?_)17 Yl:t)
+p (ﬁtlﬁ't > T, 191(52;)1, YM) Pr (ﬁt > 7'\19@1, YM) (A23)

As we did for the predictive density, we concentrate on the first row of (A23) (an analogous
reasoning will apply to the second row).
Operate the following partitions:

ai Ri1 R

ap = Ix1 . Rt _ Ix1 Ixn
— : —

aoy Ro1 Roo

nx1 nxl nxn

The posterior distribution of ¥, conditioning on trend inflation below the threshold is a multi-
variate truncated normal:

(el < 7.9{21, Vi) ~ TN (e, Gy < 7) (A24)

where:
my = a1y + R12R2_21 (Y, — ag) (A25)
Cy = Ri1 — RiaRy) Ro (A26)

Finally, we need to compute the second term in the first line of equation (A23):

Pr (7 < 71020, Vi) ocp (Yl < 7,920 Vi ) Pr (7 < 71002, Vi)
= b (Vi €20, Q) @ (7701 + 2505 (Y — &ar) T — 25005/ Ag) - (A27)

that is exactly equation (A22).

A.3 Stochastic volatility

We now augment our algorithm to estimate the time varying standard deviations of the shocks in
. . N
(A1). As in the Section above, given a set of particles {19@1, log SEZ_)I}iﬂ that approximate the
. . N
joint distribution of (¥4_1,log s;—1), we want to get a new set {ﬁgl),log sgl)}‘ ) to approximate
1=

P (197:, log st!ﬁﬁi_)l, log s,S’L, Yl:t)

where we omitted the dependencies on all the parameters to simplify the notation. Since in the
previous Section we derived the posterior distribution of 9J; conditional on log s, it is convenient
to write the posterior at time t as:

p (U¢,log s¢|Vi—1,10g s;-1Y14) = p (V4] log s¢, V41,108 s¢—1, Y1) p (log s¢|¥s—1,1log s¢—1, Yi.t).

Full conditional posterior Blind proposal
(A28)
We can get draws using an importance distribution that operates in two steps: we first use
equation (A5) to get particles of logs;: this is called a ”blind” proposal because it is not
conditioned on observed data. Then, we can condition on these draws and get values for ¥
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using the full conditional distribution that we derived analytically above.

Then, our particle filter is ”partially” adapted: we use the so called ” Rao-Blackwellization”
to improve the efficiency of the estimator. With respect to the a fully adapted particle filter,
we need to compute the final weights attached to each particle to get the approximation of the
target distribution.

The complete algorithm is:

Partially Adapted Particle Filter

. NV N
At t — 1: +the set of particles {ﬂg?l,logsgl} with corresponding weights
i=1

YN
{w,ﬁ?l} . approximate p(¥;—1,logsi—1|Y1:4-1)

1) RESAMPLE
= (i) (i) v 19® loos® ) v
a) Compute W, ocw;’y p(Ye9,21,9(logs;’y),Y1:e—1

N

b) Resample {7991’10@5?)1}11 using {ﬁ)t(i)}i:l

~ (s . N
Let the new particles be {ﬁg?l,log 5191} g

2) PROPAGATE
(i) ()
a) Draw logs;’ ~ N (logs;”, %,

b) Draw 0 ~ p (v]logs(”, 9, Vi)

3) NEW WEIGHTS
p (}/Hggl_)la IOg SE’L)7 Yl:t—l)

p (Ytlﬁf_)l, g (log §§)) ,YLH)

(4)

Compute w; "’

A.4 The model for the long run
A.4.1 The dynamics

The vector X; contains three variables: potential output 7, trend inflation 7; and the long-run
nominal interest rate i;. We assume that potential output is the sum of a trend component and
a function of trend inflation:

Y =yi +06(7) (A29)
where the dynamics of the trend are:
Ui =vyi g1 +n (A30)
9t = g1+ 1} (A31)
and the function () is:
_ P
5(7,) = k7 itm <7 (A32)

komy + ¢ if m > T.
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Imposing continuity in the piecewise linear function, we have ¢y = (k1 — k2) 7. We assume that
trend inflation follows a random walk:

T = T—1 + 7’];r (A33)

and the nominal interest rate in the long run is described by a Fisher equation, so it is equal to
the sum of trend inflation and the long-run real interest rate:

i = T + cgr + 2. (A34)

Following Laubach and Williams (2003), the long-run real interest rate is assumed to be a linear
function of the growth rate of potential output and a random walk component z; that captures
all the slow moving trends that are potentially relevant but not directly present in the model:

2 =21 +nf (A35)

A.4.2 The state space form

Take the first difference of potential output in equation (A29):
Ut = Yr—1+ gi—1 + 6 (Ft) — 6 (Fe—1) + 1} (A36)

and note that taking into account the dynamics of trend inflation, § (7) is:

k171 + kinf itm <7t

6(7e) = (A37)

komi_1 + k‘gnzr +c, ifm>T.

Then, in computing the difference ¢ (7;) — § (7;—1) we need to distinguish four possible cases:

Fang ifm 1 <7tandm <7
_ roes o -
5(77'75) ) (ﬁtfl) = (kQ kl) T—1 +Cr + kQTIt if 1 ST and T > T (A38)
(k1 — ko) m1 —cp + kg if Ty >7and @ <7

kanf if 1 >7and 1 > 71

We are now ready to write our state space in matrix form as in equations (A6) and (A7). Define

/
the vector 6, = ( TG g % > , and write equation (A6) as:

Ty
Ut 01 00
Yt
& =100 0 (A39)
- gt
n 1 0 ¢ 1
Zt

where Dy is equal to zero and H; = H is a constant matrix.
In our case the matrices in equation (A7) depend on trend inflation at time ¢ — 1 and time
t: we have to distinguish the four cases highlighted above in equation (A38).

Case when 7,1 < 7 and 7 < 7. The dynamics of potential output are described by the
following equation:
Ut = Ye—1+ g1 + kanf +n (A40)
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so the system in matrix form is:

T

e 0 1 0 00 M1 1 0 00 n;
- Y
m _ 0 n 0110 Yr—1 n kk 1 0 O n; . (Ad1)
gt 0 0010 gt—1 0 010 ny
Zt 0 0 0 01 Zt_1 0 0 01 n;
Case when 7;_1 <7 and 7; > 7. Potential output in this case follows:
Ut = Gr—1 + gi—1 + (ko — k1) m—1 + ¢ + kanif +nf (A42)
and equation (A7) becomes:
e 0 1 0 0O M1 1 0 00 ny
gef ] e |4 (ko—Fk1) 1 1 0 -1 | L ko 1.0 0 ny
gt 0 0 010 Ji—1 0 010 n
2t 0 0 0 0 1 Zt—1 0 0 0 1 g

(A43)

Case when 7,1 > 7 and 7 < 7. The equation for the dynamics of potential output is:
Ut = Gr—1 + gt—1 + (k1 — ko) m—1 — ¢ + kanf +n/ (A44)
and the system becomes:

™

Ty 0 1 0 0 O T—1 1 0 0 O n;

— ki —k 1 10 _ kk 1 0 0 14
ue | _ 3 (k1 — k2) g1 | 1 n;
I 0 0 010 G 0 010 o
2t 0 0 0 0 1 Zi—1 0 0 01 i

(A45)

Case when 7;_1 > 7 and 7, > 7. For this last case the dynamics of potential output follow:

Ut = U1+ g1 + kanf + 1/ (A46)
and the system is:
m 0 10 0 O M1 1 0 00 ny
y 11 _ 1 y
O I L I 0 Bt | 2 100 " (A47)
gt 0 00 10 gt—1 0 010 ny
Zt 0 0 001 Zt—1 0 0 01 g

A.5 Inference on the parameters

In our particle filtering strategy we estimate the parameters combining two approaches: the
posterior distribution of 7 is approximated through a mixture of Normal densities as in Liu and
West (2001); for all the other parameters we use the Particle Learning scheme by Carvalho et al.
(2010), which is based on the analytical availability of sufficient statistics that characterize the
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posterior distributions. For most of the parameters the derivation of these sufficient statistics
is standard. Then, we only describe the inference on the parameters in the model for the long
run, except for the variances of the shocks which are standard conjugate Inverse Gamma.

A.5.1 The posterior distribution of parameters in the matrix H

In our case Dy is equal to zero and the matrix H is constant. Then, equation (A6) is:
X; = Ho;. (A48)
Rearranging equation (A1) and substituting the definition of X we have:
Yi =HO — AiHO; 1 — AyHO_9 — ... ApHO_p, + €. (A49)

where Y; has been defined in Section A.2.1.
Then, indicating with H the vectorized matrix H we obtain the regression:

Y, = X H + ¢ (A50)

where
X' =10,01,—0,_,0A -0, 0 Ay — .0, ,® A . (A51)

Note that usually H contains some known coefficients and some unknown coefficients that
we want to estimate. In our specific case we only have ¢ as unknown: the other coefficients are
all ones or zeros. As general practice, collect all the known coefficients in Hy and the unknown
coefficients in Hy. With a similar notation indicate with XﬁK and th,{U the corresponding

columns of X//. We can write:

Y, - X Hy = X[ Hy + ¢ (A52)
v = XgUﬁU + e (A53)

Equation (A53) is our regression: using Gaussian priors for the coefficients in Hy, the inference
is obtained as in standard Bayesian regression models.

A.5.2 The posterior distribution of slopes k; and ko

— /
First, define YtG =Y — Y—1 — g¢+—1 and k = ( ki ko ) . Then, we define the vector XtG
distinguishing the usual four possible cases:

(ﬁ—t_ﬁ-t_l 0) itm g <tandm <7
P 7?—7‘) itm . <tTandm >T1
X = ( R (A54)
<0 ﬁt_ﬁ't—1> fm_g>7and T > 71
Finally, we can write the dynamics of potential output as:
VS = XSk + . (A55)

The equation above is a regression with coefficients k: using a Gaussian prior for k we easily
obtain a conjugate posterior distribution.
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B Appendix: The DSGE model

Households. The first-order conditions with respect to consumption, labor supply and bond
holdings are:

dy

M=t
AN Yo R

(B56)
Wi dudeNY
PN

BAt1 Re
¢
A T4

1=FE

(B57)
where )\; is the marginal utility of consumption, and m; = Pﬁ - s the gross inflation rate.

Firms. In each period t, a final good, Y3, is produced by a perfectly competitive represen-
tative final-good firm, by combining a continuum of intermediate inputs, Y;, ¢ € [0, 1], via the
technology

Y, = [ Y : dz] : (B58)

where € > 1 is the elasticity of substitution among intermediate inputs. The first-order condition
for profit maximization yields the final-good firm’s demand for intermediate good i

P\ ¢
Yii = . Y;. B
it <Pt> t (B59)

The final-good market clearing condition is given by Y; = C;.
We assume that the price of a firm that cannot change the price is automatically in-
X
dexed to past—inﬂation with a degree x, that is P,; = P;; 1 (Pt*l) = P11 (m-1)", where

P
hence m = . Hence if a firm fix P, today and will not be able to change it in the
future then the prlce evolves accordingly to P11 = Py ()X, Piyo = P ()X (me41)%
Piivj = Py ()X (m140) oo (Tegj-1)X = Pfymyi_145, where
P Py Py P
= X X o X ——— fo 1 and = =
Tt|t45—1 P, P, Prjs rj = nd. 7y = P, Tt
=1 for j = 0. (B60)

The intermediate goods producers face a constant probability, 0 < (1 — ) < 1, of being able
to adjust prices to a new optimal one, P;;. Thus, to maximize expected discounted profit they
solve the following problem

.
i j)\tﬂ P t|t+] 1 Wit [Yiggj |
B> 05 5 Y= 5 |
= At t+j t+j t+j
* X —€
; Vi D1 Vi,
s.t. it = | 435>
Py j
o
. . A . .
Defining “average” marginal cost as MCy = S— V]Z:Yl @, first order condition for the opti-
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*

. . . P; .
mized relative price z;(= —5*) can be written as

€

. AT T 1-a
B 52 0(08) s Yo {'} MOy

Tt1|t+j

1+1—a — . B 1
() 1 N . ] (B61)
B S50 M ¥isy | e

Tt41|t+5

1

The aggregate price level, P, = { fol Pivtl_sdi] 7% evolves according to

6?7r§1 E)wa !
= B62
Ty [ 0 (B62)
Lastly, define price dispersion s; = |, (P”) €di. Under the Calvo price mechanism, the
above expression can be written recursively as
=(1—-0)x;°+0m, nisi_1. (B63)

Recursive formulation of the optimal price-setting equation. The joint dynamics
of the optimal reset price and inflation can be compactly described by rewriting the first-order
condition for the optimal price in a recursive formulation as follows:

T ls—aa — € %
! (e—1) ¢

where 1; and ¢; are auxiliary variables that allow one to rewrite the infinite sums that appear
in the numerator and denominator of the above equation in recursive formulation:

(B64)

ex

b = MCYi\ + 08m, " ° B, [w;ff ¢t+1] , (B65)

and

¢ = Yido + 080 OBy (15 i ] - (B66)

Note that in defining these two auxiliary variables, we used the definition \; = Ct+t0t1 =

dt
Yi—hYi—1°

Monetary Policy. The central bank’s policy is described by the following Taylor rule

- g
InR;=plnRi1+(1—p)InR+(1 — p) s In (Zt)—l—(l —p) Ve In X7 +H(1 — p) YAy In <g )+artert,
¢

(B67)
where X' = —2 is the output gap, Y/ is the natural level of output, g/ is the growth rate of
output, ¢¥ = g is the steady state growth rate of output, and €, is an i.i.d. N(0,1) monetary
policy shock with time-varying standard deviation o, ;. The parameters v, ¥, and 1A, govern
the central bank’s responses to the inflation gap, output gap and output growth, respectively.
Here 7, denotes trend inflation, which is the central’s banks (time-varying) inflation target and
follows a unit root process

In7, =InmTi_q + O7 t€x,ts (B68)

where ez, is i.i.d. N(0,1) and oz; denotes time-varying standard deviation of the inflation
target shock.
By considering flexible prices, the law of motion for Y;" is given by
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g %_(E_l)(l_OC)_{_h E %Ytﬁl (B69)
Ay N edy, Ay Ay

B.1 Final equations of the non-linear system

The real variables inherit unit roots from the process for technology. First, , we detrend the
real variables to get the non-linear system in terms of transformed variables: Yt Y/ Ay, Yt =

Yt”/At,uv;t = wy /At,); = MA; and g, = A;/Ai—1. The non-linear model is described by the
following equations:

P (1m)
—hY g7t
:\/t\ujt = dndthp (2m)
- R,
At = BE; { [ ] )\t+19t+1} (3m)
T+1
1=0m s (1— 0)a) e (4m)
1452 e Yy
« ot 5
& C-Dé (5m)
Ex
Yy = MCY A, + 087, " B, [ml Y| (6m)
¢ =Yih + 08 OB, (75 ] (7m)
it
Ny=sY, " (8m)
EX -
se=(1-0)x, R +Om, o s (9m)
1 < ===
MCy = 1-a awtyt (10m)

~ ¢
InRy=plnRi1+(1—p)InR+(1 — p) bz In (:t)—l—(l —p) Y In X7 +H(1 — p) YAy In <g )—I—ert7
t

(11m)
Yig
- Y (12m)
Yiq
InT, =In7T—1 + exy (13m)
Ing; = (1 - pg) Ing+pgIngi—1+e€gt (14m)
Ind; = (1 — pq) Ind+ pglnd;_1 + €d,t (15m)
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1+ pta
~ 1o e—1)(1— ~ I-a_ >~
v = (26[(0‘) +hY Y g (16m)
n
Xp =t (17m)

B.2 Stochastic Steady State

Next, we evaluate the stochastic steady state of the system characterized by time-varying trend

inflation equal to 7s:
- d

M=="""T 1ss
e (159)
WANT
Wy = dth (2ss)
At
?t:F:g}i:ﬁ :>Rt:Rt:Wt:gﬁt (3ss)
B Tt B
1
_(1—x)(e—1)] 1=¢
1
Ty = [ 0?_ 7 ] (4ss)
14+ e U
T ¢ = = (5ss)
! (e—1) ¢,
— MC’t?tXt
V= —(G (6ss)
1—6pm, '~
— Y
= (7ss)
t 1 gﬂﬁgffl)(lﬂc)
_1
Nt = Et?tlia (8SS)
_ 1—-0 B
St = T =) Ty ! (9SS)
1—om, '™
Y V7o) |
MCt == ?wtyt (].OSS)
The steady state is solved in the following sequence:
~-_ 9
T== TSs
3 (rss)
1 0*(1_X)(a_1) 1-e
Ty = qt_ 7 (xss)
1-6 —E
Y P L P (59)
1—67, '

U5 = % is the transformed nominal interest rate.
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Putting together (xss) and (sss) yields:

1-6 [1 - 9w§1x><sl)] ~ =

St =

e(1—x) 1 _ 6
1 _ 9* j ey
Then:
ﬂ(ﬁ)
— e(l—x
G aesm e |1—epms 0O
b Y o c(1—x) MCy
W 1 — 687, I—a
Thus from (5ss):
R e W,
T = 7t
' (e—1) ¢,
14-£2 1_ppre" D=0 |
xt+1 o — £ pr —_— NIC,
(e—1) | o
t
Plugging (10ss):
1452 5 1— gﬁfgefl)(lfx) s
! 01— wY,
e—-1)(1-a) | o=
¢
Plugging (2ss):
Ly _ 2 1-6pm NI g dewaa
! _(—1)(1— ) e(1=x) 2
€ « | _ogr= ;
t
Plugging (8ss):
1 ¢
co _(e-1)(1—x) | dnd [Stytla} )
o B —1)(1— e(1=x) 5 t
E-DI—a) | | ppris .
t
Rearranging:
1 + (1 ) 0 5<117X) }_7_73
— l-atea _p(l—a) N (1-a7 T
Y, =1, T+e 5, e (e ) ( a)g f:tl : (359)
dne (g — h) 1-68 )(1=x)
Then,
1
Nt = Et?tlia (NSS)
_ da
A= % (\ss)
Yi(g—h)
dndNY
v (wss)
t
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MC, = ?@tY;’a (MCss)

g, = MOT (s
1—-6p7, '

=1 ;?-tl)u—x) (¢ss)

B.3 The Log-linearized GNK Model

We log-linearize the equilibrium conditions of the model around a shifting steady state associated
with a time-varying trend inflation 7;. In what follows, we define the stationary variables

T = Wt/ft,gf = /W1, Tt = Rt@, o= M/A, Vi = Y /Yy, @ = wi)ws, Ny = Ni/Ny,

Ty = 20Tty U1 = i)y, Gt = Gt/ by, MCy = MCy/MCy, 3 = 51/51.
From (1m):

Xt _ dige

9tY s — hY 4
AegtY s —hA Y1 =dige

We transform the above equation to express in terms of the stationary variables defined above:

Mg Ve Y — hAANY: 1Y 1 = digy,

-~ -~ —\ —1__
AtAegeYiY s — ha Y (9{) Y = digt,
where gt? = ?t /?t_l. In steady state, Xt = }7,5 = gt? = 1, and the above equation boils down

to A = m, i.e. (1ss). Defining hat variables Xt = lnxt, Y, = lnfft, §t7 =In (Yt/?t_l) ,

gt =In(g:/9), and c?t =In (dt /3), the log-linear approximation of the above equation around
its steady state is:

- ho\ 7 \ o b\ o h\ g -~
At = — — | — 1Y — Y1 — | —— d 1L
t (g—h) t (g—h> t+<g—h> . (g—h>gt i (L)

From (2m):

Nwy = dpdNf
Transform the above equation to express in terms of the stationary variables:
Ny = dpdy NENT

In steady state, Xt =Wy = ]\th = 1. Defining hat variables w; = Inwy, ]\Aft =In Nt, the log-linear
approximation is:

Wy = (i\t + (P]/\}t — /):t (2L)
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where we have suppressed the terms in expectations of §f+1, §5\+1 and g;+1 which are zero
in expectations since these are innovation processes (see footnote 24, p. 2121 in Cogley and
Sbordone AER Appendix).

From (3m):

N R
= BE; {t >\t+1gt+1}
Tyl

- RiR ~ -
Ay = m{t ! At+1At+1gt+11}7
T41T 41

v~ = T -1~ N T —
)\Mt:BEt{~ = (951) /\t+1g£\+1/\tgt+11}’

where gtx = Xt/Xt_l. In steady state, Xt =M1 = Rt = gfﬂ = gtxﬂ = 1. Defining hat variables
Ri=lnR, 7 =In T, oF = In (T4 /74—1), Gp = In (Xt/XH), the log-linear approximation of the
above equation around its steady state is:

] N = {/BRtxt (th)_l} R, + [—BRtXt (th)_l} By + [/BRtXt (th)_l} E\i1

Note that in SS R; = 7, = 47, hence

<l

=R, — Bt + Et}\\t+1) (3L)

where we have suppressed the terms in expectations of g7, ,, §t)‘+1 and gy11 which are zero
in expectations since these are innovation processes (see footnote 24, p. 2121 in Cogley and
Sbordone AER Appendix).

From (4m):

1=0m) 3 4 (1 — gl

1= Qﬁgl—x)(é—l) (gt) —x(1—¢) 7~ri((11 €) ~s 1 ( )~1 sx% €
In steady state, T = 7; = g7 = 1. Defining hat variables Z; = In 7, the log-linear approximation
of the above equation around its steady state is:

0 — [1 _9—( x)(e— 1)} 97r(1 x)(e—1) [ T _‘_ng (4L)
From (5m):
x1+% et
! G
.1:1+ 1Eaafl+ 1€aa — € Jt@t
' ' (e=1) 5@

In steady state, x; = ,Jt = 5,5 = 1. Defining hat variables 1@ =1In zzt and (Et =In ggt, the log-linear
approximation of the above equation around its steady state is:

<1 + 15_04@) B = — P (5L)
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From (6m):

£X

Ve = MCyY e Ay + GBﬂt_l_a E: [WE%H}

6(1 x)

~ _ e - iXQN fa ~ -
Y, = MC,MCY,Y Mh + 9p7, '~ E; [(Qfﬂ) e, Tom ¢t+1gf}+1¢t]

where gf’ =, /¥,_,. In steady state, vy = MCy =Y, = \p = Ty = Tp1 = gr = gzpﬂ = 1.
Defining hat variables mc¢; = In M C}, the log-linear approximation of the above equation around
its steady state is:

e(1—x) E(l X)

~ ~ S EX ~
Py = [1 — 687, ] (mct +Y+ )\t) + 007, E, <¢t+1 + LSS _Xa7Tt> (6L)

where we have suppressed the terms in expectations of fq\til and /g\f} 41 Which are zero in expec-
tations.
From (7m):
¢t = Yid + 0pm B, (75 ]

- e (1—)(e— 7 o\ (e=1) ~
$1dy = ViV idh + 0pmy VIR, ((9t+1)(5 )7@((1 ) ) ¢t+19t+1¢t>

where gf = ¢;/ds_1. In steady state, br =Y =N\ =T = Tpqq = g9 = gf’ﬂ = 1. The
log-linear approximation of the above equation around its steady state is:

b = [1 - 9/3?(17”(671)} (fft + Xt) +opTt—0E D, ($t+1 +e-1)mg1+x(1—¢) %t) (7L)

where we have suppressed the terms in expectations of ’g\til and ’g\?ﬂ which are zero in expec-
tations.
From (8m):

1
Nt = Sthlia
NtNt = StStY Yl a

In steady state, N=5=Y,=1 Defining hat variables §; = Ins;, the log-linear approxi-
mation of the above equation around its steady state is:

PO 1 .
Nt:3t+<1_a>YVt (SL)
From (9m):

ex €

—_£& —
se=01—=0)x, " +0m, 7 s

T ~—Toa -x) , — &x =X _e _
55 = (1-0)7, "°x, T gria (97) " 7 o S () s

where g§ = 5¢/5;—1. In steady state, sy = 7y = T = m—1 = gf = g; = 1. Defining gi =
In (5¢/5;—1), the log-linear approximation of the above equation around its steady state is:
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e(1—x) e(l—=x)
~ £ _5=2 ~ | il € EX  ~ ~ EX 7 -5
St:|: (1—97rt1 )]:L‘H—Oﬂtl [ T — X 7Tt71+5t71+7x 9 — 9

11—« 11—« 1—« 11—«
(9L)

From (10m):

«a
1 - T 1l-a

MCt = mwtyt

— 1 - -
MCtMCt == 1 ’wt@tnlia Ytlia

In steady state, ]\%t = wy = fft = 1. The log-linear approximation of the above equation

around its steady state is:

n/z\ct:ﬁ}t—l—<1a >5?; (10L)

From (11m):
D Tt n g%
InR; =pnRi_14+(1 — p)In Ry+(1 — p) ¢ In — +(1—p) Y In X' +(1 — p) YayIn o +ert,
t

In (Rth) =pln <Rt1 (gf)71 Rt> +(1—p)InR+ (1 —p)rIn (ﬂ) + (1 —p) s In X[
Us?
g
+ (1= p)Yayln (g;) +ert

Log-linearize around In R, and In Rt =1In gﬁ =0

In (Rth) =pln <Rt1 (gf)il Rt> +(1—p)InR+ (1 —p)trIn (:Z) + (1 —p) v, In X[

)
+ (1= p)Yayln (5’;) + €t

Note that ¢gF = gf. Infact, R, = 77, = R}?L = I
Ry =pRi—1— pgf + (1= p) e + (1 — p) VT + (1 — p) Y2y GF + €rs (11L)
From (12m):
i;tgt
9 = =——
Yia

@Y1 =Yg
gfﬁAYtq = i}t?tgt

¥ % —1 ~
9¢ Yi—1 (gt ) =Yg
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In steady state, }7,5 = g? =1and g =7g. The log-linear approximation of the above equation
around its steady state is
W=Y-Y1+a+7g (12L)

Moreover we need to add 2 more equations: the dynamics and the definition of the natural
rate of output. Define X} = X'/ X[ then (17m) becomes

xp v ¥ ¥
- " Y, t
Xf:)%l:%:?i:ﬁ (17m)
t v ?—’fn t
taking logs ~
=Y, -Y" (17L)
where &} = In X}*.
Then (16m)
1+ eta
~ T-a -1)(1 - e e
Y;nl _ w + hY;" ! Y;’ilgt_l (16m)

ed,

Note that the natural level of output does not depend on trend inflation, is stationary and is
constant in steady state. Hence, it can be log-linearized in the standard way

1t 1+9\ o (e-D(A-a)
Y W= ———
(Y7 eprl_a) t:| ed, +
£t +a v | e G
W) e | (F50) 5 Foeso [ ]  esol
which simplifies to -
g1+ —h(e+a)] on  on -
[ h(l—a) =Y g Hew

B.3.1 Final equations of the log-linearized GINK model

~ h R g ~ h ~ h Yy o
N=—(— G- (——— )Y+ |(— ) Yii1 - (| — d 1L
t <g—h)gt (g—h) t+<g—h> o <g—h>gt I (L)

Wy = dy + Ny — At (2L)
At = Rt — Efoi1 + Ehera, (3L)
0= {1 _ o7 (1 X)(e— 1)} 97r(1 x)(e—1) [ — XT_1 + ng (4L)
ea \ . o~ o~

(1 + 1_) Tt = ¢t - ¢t (5L)

R e(1-x) sl-x) ~ € EX -
Py = [1 —0p7, ' ] (mct + Yt + )\t) + 067, ' E; (¢t+1 + 1 M1 — X 7Tt> (6L)

—« 1l -«

$t = [1 — Hﬁﬁglﬂo(e*l)} (Y + )\t) +957r(1 x)(e=1) Et (Q/gtJrl +Ee=1)m41+x(1—¢) %t) (7L)
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N 1 ~
-3 Y, 8L
St + <1 — a) t (8L)
~ € L Y U R EX ~ ~ EX ~7 -3
5 = {—1_0[ (1—97rt1 )] T+ 07, ! [l_am— 1_a7rt_1+st_1+ 1_agf—gs
(9L)
ey = @y + | —— | ¥ (10L)
mey = W —

t t —a/ ™
Ry = pRi_1 — pg7 + (1 — p) Yufis + (1 — p) u@7 + (1 — p) Yaygy + en (11L)
W=Y-Yea+g+a (12L)
Gt = PgJi—1 + €qt (13L)
C/Z; = Pd&\tﬂ + €az (14L)

Gg(l+o)—h(pta)ly . .
Y"=Y", — 15L
h (1 — Oé) t t—1 gt ( )
P 7 (16L)
B.3.2 The constant terms
Given

7 = T—1exp(emt) (B70)

gF =771 => gF = (/71 — 1) = In (T /7e_1) = €t

then one can solve for the new steady state levels of the variables following Section B.2. This

is

~5

9t

anyway needed to recover the original level of the variables from In Z; = In Z; + Zy.

However, note that only few steady state variables are needed here to solve for the Z; because
in the log-linearized system the coefficients depend only on 7; , and the only constant terms
that are needed relate to the backward-looking variables: g; and g . So to solve for the Z using
Gensys we just need those.

1 €
1—6 lfefﬁl_X)(E_l) _m
e(1—x) 1-0
5, /5 ~5 = /= L1-67, =% |
= 5/51=>09, = (&)1 —1)= | £ E E 1
1-0 1-gr(1 0D ] T o) -a)
e(1—x) 1-0
1-o7, '
1—0 1_9f§1*><)(5*1) T (-a)
E(ll—x) 1—0
= /s 1—67, ==
~ In(5/5-1)=In| < o ]
&
1-6 171 0ED ] T T =)
e(1—x) 1—0
1-o07, 17
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— In(1-6§)—In (1 - ow:(f“w) - ((1_5)5(1_Q)> [111 (1 - aﬁﬁlﬂd(““) ~In(1- 9)}

~In(1-6)+In (1 - 977211_5)) + <(1_€)‘€(1_a)> [m (1 - eﬁgl_‘lX’(E‘”) —In(1- 0)]

e(1=x) e(1=x)
= In (1 — 07,1 > —In (1 — 07, )

i ((1—5)6(1—04)) [ (1= o7 0E) —n (1 - gm0

e(1=x)
N B e I e (1= i OED
e =) d—ad-—a/™ —(—)(e—1
1—om, (1-2)(1—-a) 1 — 97.‘.5 X)(e—1)
- (1—y) T l-a
—atea —a ell— 1+
Iedze 2l | )1—a)g | 1-0p7, ° ’
— - - - Ty S¢ dne(g—h) 1—9pm = D0
g9 = Yi/Via=>g = /Y1 -1)= - —
a e(1—x) 1+¢
S R ) conoay | 10570
L1 St—1 dne(g—h) 179/3?15:1)(1%)
l—atea e(l—a) i 5(117)() ] };73
Tﬁgf T+o (e—1)(1—a)g 1-6p7, ¢
o t t due(Gh) | 1_gprls- DO
~ In (Yt/thl) =In = = o
l—atea pl—a ,ﬂ% e
T +¢ g_ I+ (e=1D(1-a)g 1-057,_,
t—1 t—1 dne(g—h) 1795;&_*11)(1*)()
) ey o
_ 1—a+€aln<xt>_g0(1—a)ln 5 l—a| (1-687 1 - gpme D
1+¢ Ti_1 1+¢ 5i—1 1+¢ 120 pge(e=D(1-x)
1- 087,15 AT
1
B 1_gr(1—0(-1 ] T—< _ 1 1_g71=x)(e=1)
where 7; = |:t1—9 ] =>1In (Etle) =1=In 71_6%1:1”(571)
—(1=0(==1) R T HCeEEEY
@?N l-a+ea n(l—@wt >_<p(1—a)§ts 1 -« In 1-0p7, — 0BT,
- - —(1-x)(e—1) sd—x) —(e—1)(1—x)
(I+@)(1—e)  \1-gzll 00 1+ 1+¢ | ot 1— 087" X

B.4 The state-space form for the estimation
B.4.1 General Idea

We will write the model as a conditionally linear model with time-varying parameters, meaning
that the model and the solution will present time-varying parameters; these parameters will
basically be a function of 7, but conditional on a particular value of 7; (and the realization of
the stochastic volatility) then the model is standard and linear.

In particular we are going to map the above equations into the following systems:

1. A set of equations that define the detrended variables (vector Z;) as deviation from steady

state o o o
Jy = ZtZt/Zt =774
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in logs R
In Zt = ln?t + Zt

where Z =In Zt

2. A law of motion for 7w, RW

T = T—1exp(ems)
3. A set of equations that define the steady states of the variables as a function of 7,

Zy = F (7, T—1)

4. We can then write the usual GENSYS system for the dynamic of log-linearized variables,
but now the system will have time-varying parameters, because they are function of 7; :

To(7)Z = U1 () Ze—1 + O (7e)er + (7)1,

or more compactly
Dotz =T 421 + Weer + 1y

Hence for any given value of 7, the above system is conditionally linear and can be solved
with standard methods.

B.4.2 State space and Kalman recursion

Start from the model written in Sims’ canonical form (conditional for a given 7;):
T0Z; = D121 + W& + Ty,

€t
nyx1

gt (7t)
no X1
¢, including €, ;. Under the assumption that the agents consider 7; as a constant, the solution

of the above system under determinacy is:

where &; is a vector . The term g;(7¢) is a ng X 1 vector of elements that depend on

Zy = M.Z; 1 + Mz

€t
Zy=M.Zy 1+ { M M, } o
nXni  nxng gt(ﬁ-t)
no X1
We can rewrite the last equation as:

Zt =cy+ MzZt—l + Msgt

where ¢y is the n x 1 vector co = Mg (7). The equation above is our new state equation.
The observation equation is:

yt:cl—l—FZt—l—Ut ’UtNN(O,V)
Define W = MY M/ where ¥ is the covariance matrix of £;. Given the posterior distribution

at time ¢t — 1: Zt_llylzt_l ~ N (my—1,C¢_1), the posterior distribution at time ¢ is given by the
Kalman recursion:
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E (Zt|y1:t—l> =a; =cog+ Mymy_y

Var (Zt\y1;t—1> =Ry = M,Cy 1M, +W

E (ytlyi4—1) = fr=c1 + Fay
Var (ys|yr:e-1) = Q¢ = FR,F' +V

E <Zt\y1:t> =my=a,+ RF'Q (i — fr)

VCLT (Zﬁ‘?Jl:t) = Ct e Rt — RtF’Q;lFRt
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